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Abstract

This paper constructs a two-sector model of two-period lived overlapping generations w
dogenous occupational choice in which ability-heterogeneous agents choose whether to become
ucated when young and skilled when old. We show that endogenous occupational choice in this
sector framework can result in dynamic indeterminacy without complicated preferences/techn
and without requiring the consumption-good production to be more capital-intensive.
 2004 Elsevier Inc. All rights reserved.
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1. Introduction

Previous studies have established that dynamic indeterminacy can occur in two
overlapping-generations (OLG) models either with complicated preferences/techno
or with the consumption-good sector being more capital-intensive than the inves
good sector. In this paper, we argue that if agents select their occupation over skilled vers
unskilled jobs according to their learning ability, a two-sector OLG economy may exhib
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dynamic indeterminacy under simple preference and technology specifications, regardl
of the factor-intensity rankings.

Specifically, we analyze endogenous occupational choice in a two-sector overla
generations model populated with two-periodlived agents. In our economy, all agents a
endowed with one unit of labor over the entirety of their lifetime. They are identic
every respect except for the ability to learn. We assume that the young who wish to
educated must self-finance the schooling expenses. As a result, those with higher
(or lower disutility in schooling) borrow when young to accomplish higher education
become skilled workers when old. We further assume that agents only consume
second period, a condition that implies forced savings in goods. Thus, under a p
market interest rate, those with lower ability only work when young and their saving
cilitate both education and physical capital investments. Endogenous educational cho
therefore, gives rise to endogenous occupational choice between borrowers (th
skilled) and lenders (the unskilled). While the ratio of the productivity of the skilled t
that of the unskilled is a constant exceeding one, the production technologies of both th
consumption-good and investment-good sectors exhibit capital–skill complementar

Under the analytical framework described above, we show that equilibrium dynamic
with occupational choice may feature multiple converging transition paths and hen
trinsic uncertainty may affect the dynamic behavior of the economy. More specifi
even with linear preferences, constant-returns Cobb–Douglas production technolog
a perfect credit market, we find that dynamic indeterminacy may arise, regardless
factor-intensity rankings. Accordingly, occupational choice is the sole source creatin
namic indeterminacy, as long as the two goods are not homogeneous. In particular, w
that by allowing occupational choice in our two-sector framework, we add an addi
choice variable that helps stabilize capital adjustments due to capital–skill complem
ity and the associated changes in net savings. As a result, the conventional condition
factor intensity ranking is no longer needed for local indeterminacy.

Related literature

Our paper contributes to the study of complex dynamics in overlapping gener
models. Most literature in this area has derived complex dynamics such as indeterm
nacy, cycles and chaos, depending on complicated preferences or specific restrict
production technologies. In the context of OLG models with capital accumulation, fo
example, Reichlin (1986) finds that if labor-leisure choice is allowed under a com
preference structure, indeterminacy and chaotic equilibrium may emerge with a con
returns production technology, whereas Boldrin (1992) demonstrates that indeterm
arises in the presence of external increasing returns.1 In considering an OLG model in
volving a utility function that is non-separable intertemporally, Michel and Venditti (19

1 In the exchange economy models with overlapping generations, the possibility of endogenous fluctuatio
depends entirely on the forms of the utility functions; see, for example, Benhabib and Day (1982) and Gra
mont (1985). Jullien (1986) shows that the standard Diamond economy will exhibit cyclical behavior if there a
multiple state variables (money and capital).



140 K. Mino et al. / Review of Economic Dynamics 8 (2005) 138–153

nology.
Galor
here.

sector

g on
returns
in our
ng, an

od (re-
nomy is
al
ry
not

ve no
of the

uiring
t time

, i.e.,
m

tion
th a
his/her
nce an

ns,

ee

en

lived
cu-
the
show that dynamic indeterminacy can occur under the standard neoclassical tech
The two-sector OLG frameworks with constant-returns technologies described by
(1992) and Reichlin (1992) are the most closely related to the model constructed
Their models demonstrate that indeterminacy may occur if the consumption-good
uses capital more intensively than the investment-good sector.2 In contrast to all previ-
ous OLG studies, dynamic indeterminacy can emerge in our model without relyin
any specific factor-intensity rankings, even under linear preferences and constant-
Cobb–Douglas production technologies. As a consequence, local indeterminacy
sector model mainly stems from the endogenous occupational choice of the you
alternative source of indeterminacy that contributes to the existing literature.3

2. The model

Consider a two-sector model where sector 1 manufactures the investment go
garded as the numeraire) and sector 2 produces the consumption good. The eco
populated with two-period overlapping generations. There is a continuum of individu
agents of unit mass within each generational cohort, and the agents are identical in eve
respect except their ability (or disutility) to acquire education. Individual agents do
value leisure and they consume only in the second period of their lifetime. They ha
initial wealth, but each is endowed with one unit of time that can be supplied in one
two periods of his/her lifetime as a production input. In the absence of altruism, the utility
function is simply assumed to be linear in the second-period consumption.4

Agents are heterogeneous ex ante only in the disutility costs they incur in acq
education at the behest of their innate abilities. Consider a particular agent born a
t − 1, whose consumption occurs at timet . We denote the disutility costs byαt−1 (in units
of the numeraire investment good), which are assumed to be uniformly distributed
αt−1 ∈ U [−ε, ε] with 0 < ε < ∞. Thus, a more able person will incur less disutility fro
acquiring education. We assume a pecuniary education cost ofη � ε > 0 per person (in
units of the investment good), whereη � ε ensures that no one will undertake an educa
for fun. Since an individual agent is not endowed with initial wealth or provided wi
bequest, the pecuniary cost of education must be financed by borrowing against
future income. We assume throughout the paper that the credit market is perfect. He
individual agent who wishes to borrow is always granted an education loan.

2 While Galor (1992) assumes that both production sectors have the standard neoclassical production functio
Reichlin (1992) examines a two-sector model in the absence of factor substitution.

3 The literature of occupational choice within the dynamic general-equilibrium framework includes Banerj
and Newman (1993), Aghion and Bolton (1997), Fender andWang (2003), and many papers cited therein. This
literature builds upon a one-sector framework in which the dynamic properties of the equilibrium have not be
completely characterized.

4 The assumption of one unit lifetime-endowment of labor is innocuous. The structure of two-period
agents who consumes only when old implies a one-to-onerelationship between educational choice and oc
pational choice (borrowers versus lenders). We will discuss the implications for relaxing this assumption in
concluding section.
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Denote the market (real) interest rate from periodt − 1 to t by rt and the correspondin
gross rate of interest byRt ≡ 1 + rt . Given a linear felicity function in the secon
period consumption, an individual agent born at timet − 1 will undertake an educatio
to become skilled when old if the benefit from earning a high-skilled wage in the
ond period,wH,t , subtracting the disutility cost of education,αt−1, outweighs the cost
from the sum of the foregone earnings for an unskilled job in the first period,RtwL,t−1,
and the (interest payment included) costs of becoming educated,Rtη. Thus, the optima
schooling decision can be expressed as the decision to undertake an education wh
wH,t − αt−1 � Rt (η + wL,t−1). Under a proper assumption (to be specified later), the
a critical value ofαt−1, denoted byα∗

t−1, at which the agent is indifferent between be
educated and remaining unskilled:

wH,t − α∗
t−1 = Rt (η + wL,t−1). (1)

Should there exist such a critical point, agents of typeαt−1 ∈ [−ε,α∗
t−1] would undertake

an education and become skilled (typeH ) in the second period and those withαt−1 ∈
(α∗

t−1, ε] would remain uneducatedand work without skills (typeL) in the first period.
This gives rise to an endogenous occupational choice under which a nontrivial frac
agents become borrowers (the educated) and the remainder become lenders (the un
Although those who decide towork without skills when young save their entire wa
income (forced savings), we note that this saving decision is endogenously determi
occupational choice.

Within this stylized framework, skilled and unskilled workers are assumed to be
tional substitutes with one unit of skilled labor equivalent toδ > 1 units of unskilled labor
Thus, letting�i,t represent aggregate employment of typei worker in periodt (i = L,H ),
the aggregate “effective labor” can be expressed as:Nt = �L,t + δ�H,t . Free mobility of
labor between the two sectors implies that the unskilled and skilled wage rates must s

wH,t = δWt = δwL,t . (2)

Denote byKt the amount of capital available at the beginning of periodt . Assume com-
petitive factor markets and full depreciation of the capital stock. Both consumption
investment goods are produced using labor and capital with Cobb–Douglas techn
that exhibit constant returns. Under this fractionally substitutable labor setup, we can
see that our production technologies feature capital–skill complementarity (as an in
in δ leads to a higher marginal product of capital).

Denote the relative price of the consumption good in units of the investment goodp.
Competitive profit conditions that equate the price with the unit cost in each sector yield

1 = R
θ1
t W

1−θ1
t , (3)

pt = R
θ2
t W

1−θ2
t , (4)

whereθi , i = 1,2, are constant capital cost shares that take values between 0 and 1. A
ing thatθ1 �= θ2, we can solve (3) and (4) to obtain a unique pair of factor prices(Rt ,Wt )

for any nonnegativept :

Rt = R(pt ) and Wt = W(pt ). (5)
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The effects of the relative price of goods on factor returns depend crucially on the f
intensity rankings. When the consumption good is produced using capital (labor)
intensively, a higher relative price of the consumption good results in a higher (lo
return on capital and lower (higher) wage rates for both the unskilled and the skilled
is in fact a straightforward application of theStolper–Samuelson theorem to a three-fa
model with two factors that are fractionally substitutable (skilled labor and unskilled la

Let xt−1 denote the proportion of the generation born at timet − 1 who become edu
cated. It follows that in labor market equilibrium, we have:

�H,t = xt−1, (6)

�L,t−1 = 1− xt−1. (7)

It is straightforward to show that with a uniform distribution of disutilities of educa
across the population,xt−1 = (α∗

t−1 + ε)/(2ε). From this we obtain:

α∗
t−1 = −(1− 2xt−1)ε. (8)

This provides a linear relationship between the proportion of the labor force beco
educated and the critical value of disutility cost of education.

To close the model, we need to specify thegoods market-clearing conditions. The a
gregate consumption of typei (i = H,L) at timet is given by

CH,t = (wH,t − Rtη)xt−1/pt , (9)

CL,t = wL,t−1Rt(1− xt−1)/pt . (10)

Utilizing (2), (5), (9) and (10), we can express the demand for the consumption go
periodt as

Cd
t = {

R(pt )(1− xt−1)W(pt−1) + [
δW(pt )xt−1 − ηxt−1R(pt )

]}
/pt . (11)

Using the duality concepts, the supply of the consumption good at timet is equal to

Cs
t = R′(pt )Kt + W ′(pt )(1− xt + δxt−1). (12)

Thus, the market-clearing condition for the consumption good at periodt , Cs
t = Cd

t , im-
plies

pt

[
R′(pt )Kt + W ′(pt )(1− xt + δxt−1)

]
= R(pt )(1− xt−1)W(pt−1) + [

δW(pt )xt−1 − ηxt−1R(pt )
]
. (13)

Finally, investment goods market-clearing is captured by

Kt + ηxt−1 = W(pt−1)(1− xt−1). (14)

This is equivalent to equating the demand for loanable funds (the left-hand side) with t
supply of loanable funds (the right-hand side).



K. Mino et al. / Review of Economic Dynamics 8 (2005) 138–153 143

te
nal

ies

(10),

), (7)

ted by
er

of the
tion of

d,
tment

astici-

e than

a

3. Steady-state equilibrium

We are now ready to define dynamic competitive equilibrium and non-degenera
steady-state equilibrium in our two-period OLG economy with endogenous occupatio
choice.

Definition 1. A dynamic competitive equilibrium (DCE) is a tuple of positive quantit
{CH,t ,CL,t , �H,t , �L,t ,Kt , xt }, a tuple of positive prices{wH,t ,wL,t ,Rt ,pt }, and a critical
valueα∗

t ∈ [−ε, ε], such that

(i) schooling is optimal: typeαt−1 ∈ [−ε,α∗
t−1] become educated and typeαt−1 ∈

(α∗
t−1, ε] remain uneducated, whereα∗

t−1 satisfies (1);
(ii) aggregate consumption of the skilled and unskilled are determined by (9) and

respectively;
(iii) factor price and competitive profit conditions are given by (2), (3) and (4);
(iv) allocation of labor across sectors and labor market equilibrium are given by (6

and (8);
(v) goods market equilibrium is achieved as in (13) and (14).

Definition 2. A non-degenerate steady-state equilibrium (NSSE) is a DCE, represen
a tuple{CH,CL, �H , �L,K,x,wH ,wL,R,p,α∗}, with all variables being constant ov
time.

In case a variable takes on its steady-state value, we drop the time subscript.
Although there are 11 endogenous variables in our system, the recursive nature

model enables us to summarize the system in terms of the sequence of the frac
the population becoming skilled and the relative price,{xt,pt }, alone. On the one han
we can combine the market-clearing condition for both the consumption and inves
goods (13) and (14) to eliminate the sequence of the capital stock{Kt } and derive:

pt

{
R′(pt )

[
(1− xt−1)W(pt−1) − ηxt−1

] + W ′(pt )(1− xt + δxt−1)
}

= R(pt )(1− xt−1)W(pt−1) + δW(pt )xt−1 − ηxt−1R(pt ). (15)

Under the Cobb–Douglas production technologies, the factor price–output price el
ties,

ptR
′(pt )

R(pt )
= − (1− θ1)

θ1 − θ2
≡ Θr and

ptW
′(pt )

W(pt )
= θ1

θ1 − θ2
≡ Θw, (16)

are constant. If the consumption good is more capital (respectively labor) intensiv
the investment good, i.e., ifθ1 > (respectively<) θ2, then clearlyΘr < 0 andΘw > 1
(respectivelyΘr > 1 andΘw < 0). UsingΘr andΘw, we can rewrite (15) to obtain
“goods market equilibrium condition”(hereafter referred to as the “EE locus”):

(Θr − 1)R(pt )
[
(1− xt−1)W(pt−1) − ηxt−1

] + ΘwW(pt )(1− xt )

= (1− Θw)δW(pt )xt−1. (17)
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Fig. 1. Steady-state equilibrium.

On the other hand, we can substitute (2), (5), and (8) into (1) to derive an “optimal schoo
ing relationship” (hereafter referred to as the “SS locus”):

δW(pt ) + ε(1− 2xt−1) = R(pt )
[
η + W(pt−1)

]
. (18)

TheEE andSS loci, (17) and (18), govern the dynamical system in{xt ,pt }. In the steady
state,xt = x andpt = p, which satisfy:

x =
{

1+ [(1− Θw)δW(p) + η(Θr − 1)R(p)]
W(p)[R(p)(Θr − 1) + Θw]

}−1

, (19)

x = 1

2
+ 1

2ε

{[
δ − R(p)

]
W(p) − ηR(p)

}
. (20)

In general, an NSSE may not exist. However, ifε andη are sufficiently small andδ is
sufficiently large, then the steady-state equilibrium values of(p, x) are uniquely deter
mined by (19) and (20). We plot in Fig. 1 the steady-stateEE andSS loci for the case of
Θr < 0 andΘw > 1 where theEE locus is (locally) downward-sloping and theSS locus
is upward-sloping. For the case ofΘr > 1 andΘw < 0, theEE locus becomes (locally
upward-sloping and theSS locus is downward-sloping. Substituting the steady-state e
librium values of(p, x) into (2), (3), (4), (6), (7) and (8), we next obtain the steady-s
equilibrium values of factor prices (wH , wL andR), labor demand for each type (�H and
�L) and the critical value of the disutility cost of education (α∗). Finally, utilizing (9), (10)
and (14), we obtain steady-state equilibrium consumption (CH andCL) and capital (K) in
a recursive manner. We can establish:

Theorem 1. If both ε and η are sufficiently small and δ > max{Θw/(1− Θr),1}, the non-
degenerate steady-state equilibrium of the dynamical system (17) and (18) exists and is
unique.
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Proof. First, asε converges to zero, the locus of (20) in(p, x) space converges to th
vertical linep = pe > 0, wherepe is the solution to

R(p)η

W(p)
+ R(p) = δ. (21)

Since bothΘr andΘw are constant and eitherΘr < 0 andΘw > 1, orΘr > 1 andΘw < 0
holds,pe uniquely exists, irrespective of the factor-intensity rankings. Substitutingpe into
(19), we see that underδ > max{Θw/(1 − Θr),1}, the steady statex also uniquely exists
in the open interval(0,1) for anype satisfying 0< R(pe) < δ. Finally, we note that (21
implies that 0< R(pe) < δ and that asη converges to zero,R(pe) converges toδ which is
greater than one. Therefore,R(pe) is guaranteed to be greater than one as long as bε
andη are sufficiently small. �

Theorem 1 implies that, in order to ensure an NSSE, the dispersion of heterogene
the pecuniary costs of education cannot be too large whereas the productivity diffe
between the skilled and unskilled cannot betoo small. One may have thought that the
assumptions are restrictive. Standard numerical analyses (summarized in panels A and
of Table 1), however, suggest that, over a large range of plausible parameter valu
can obtain a unique NSSE even by allowingε to be as high as 0.2 (recall thatε must be
bounded byη) and allowingη to be as high as 0.3 (or more than 35 percent of the unsk
wage), where the value ofδ can be taken from 1.25 to 3.5 (or for the skilled wage to exh
a 25 to 250 percent markup over the unskilled wage).

Table 1
Two-sector model

Parameters x R λ1 λ2

A. Consumption-good sector is more capital-intensive (θ1 = 0.2, θ2 = 0.3)
0.05, 0.10 0.59 2.22 0.178 12.58
0.10, 0.10 0.59 2.21 0.179 12.68

ε, η 0.10, 0.20 0.53 2.01 0.164 12.709
0.20, 0.20 0.53 2.01 0.165 12.92
0.20, 0.30 0.48 1.86 0.153 12.96

1.25 0.50 1.04 0.170 6.478
2.00 0.52 1.63 0.165 10.21

δ 2.50 0.53 2.01 0.164 12.709
3.00 0.53 2.40 0.162 15.21
3.50 0.53 2.78 0.161 17.71

B. Consumption-good sector is more labor-intensive (θ1 = 0.3, θ2 = 0.2)
0.05, 0.10 0.66 2.17 0.264 8.35
0.10, 0.10 0.66 2.15 0.265 8.37

ε, η 0.10, 0.20 0.58 1.96 0.241 8.421
0.20, 0.20 0.58 1.94 0.244 8.51
0.20, 0.30 0.52 1.80 0.226 8.57

1.25 0.56 1.03 0.254 4.278
2.00 0.58 1.59 0.245 6.758

δ 2.50 0.58 1.96 0.241 8.421
3.00 0.58 2.31 0.237 10.08
3.50 0.58 2.67 0.233 11.75
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What are the consequences of a more favorable educational environment (capt
either higherδ or lowerη)? For brevity, consider the simple case withε converging to zero
where the steady-state values of(x,p) can be solved in a recursive manner (wherep is
determined by (21) alone). From (21), a more favorable educational environment lea
lower (higher) relative price of the consumption good in units of the investment good
consumption-good sector uses labor (capital) more intensively than the investmen
sector. Regardless of the factor intensity rankings, however, the return on capital a
rises and the unskilled wage always falls in response to a favorable change in unde
an education.

4. Equilibrium dynamics

We are now prepared to characterize the dynamic properties of the steady-stat
librium. In order to gain intuition, let us start with two degenerate cases, one wi
occupational choice and another with only onesector (homogeneous consumption and
vestment goods).

4.1. The absence of occupational choice

Without occupational choice, we simply setxt = 0 (together withε = η = 0). Under
this condition, the dynamical system reduces to:

Kt = Wt−1, (22)

(Θr − 1)
(Wt )Wt−1 = −ΘwWt , (23)

whereRt = 
(Wt ) ≡ (Wt )
−(1−θ1)/θ1 is derived from the competitive profit condition (3

By substituting (22) into (23) and manipulating, we obtain a single dynamic equation:

Kt+1 =
(

1− Θr

Θw

)θ1

(Kt)
θ1. (24)

Sinceθ1 ∈ (0,1) and(1−Θr)/Θw > 0 regardless of the factor intensity rankings, ca
tal evolves monotonically and is stable. We can thereby establish the existence and
ness of a non-degenerate steady-state equilibrium.5 Moreover, asKt is a non-jumping state
variable, we can conclude:

Theorem 2. The steady-state equilibrium of the dynamical system (22) and (23) uniquely
exists and is locally determinate.

5 The steady-state capital stock can be easily derived:

K =
(

1− Θr

Θw

)θ1/(1−θ1)

> 0.

In (W,x) space, the steady-state equilibrium is determined by the intersection of theEE locus and the horizonta
axisx = 0 (see Fig. 1).
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The result suggests that endogenous occupational choice plays an essential role
steady state to be locally indeterminate. The reader should be alerted that our fram
differs from Galor (1992)—the endogenous saving decision is absent under our fram
once occupational choice is removed. Thus, in this degenerate case, the steady
locally determinate, even when the consumption-good sector is more capital intensi

4.2. The case of one-sector production

The next question is whether a steady state can be locally indeterminate when th
omy degenerates to one sector (i.e.,θi = θ andpt = 1). The competitive profit conditio
becomes: 1= Rθ

t W1−θ
t , which can be used to expressRt as a decreasing and convex fun

tion of Wt :

Rt = Ω(Wt) ≡ (Wt)
−(1−θ)/θ , (25)

Moreover, within this one-sector framework, the capital–labor ratio is given by

Kt

(1− xt ) + δxt−1
= − 1

Ω ′(Wt )
. (26)

We can now rewrite theEE locus as:

Ω ′(Wt)
[
Wt−1 − (η + Wt−1)xt−1

] + [
(1− xt ) + δxt−1

] = 0, (27)

whereas theSS becomes:

δWt + ε(1− 2xt−1) − Ω(Wt)(η + Wt−1) = 0. (28)

These two equations constitute the dynamical system for{xt,Wt }.
It is tedious but straightforward to show that if 1/θ > δ > max{θ/(1 − θ),1 + η − ε},

then there exists a unique non-degenerate steady-state equilibrium in which a nontrivi
fraction of agents become unskilled workers and a nontrivial fraction of agents underta
an education to become skilled workers.6 The steady-stateEE locus is (locally) downward
sloping and the steady-stateSS locus is upward-sloping in(W,x) space (see Fig. 1). T
characterize the dynamics of this one-sector model of occupational choice, we be
noting that under this one-sector framework,{xt } and{Wt } are tied by the factor marke
equilibrium relationship, (26), for anyt � 0. More specifically, for historically givenK0
andx−1, (26) implies:

K0 = − 1

Ω ′(W0)

[
(1− x0) + δx−1

]
. (29)

That is, oncex0 is chosen, the associated factor priceW0 is determined by (29). Thus, th
system features only one free jump variable. If the steady state is a saddle point, we
unique equilibrium path converging to the steady state.

6 This can be done by manipulating (27) and (28) in the steady state to obtain a single equation in termW :

F(W) = 1

2

(
1+ δW

ε

)
−

[
1− Ω(W)(1− θ)/θ

1− Ω(W)(1− θ)/θ + ηΩ ′(W) − δ
+ Ω(W)(η + W)

2ε

]
= 0.

We can then use the mean value theorem to prove the existence of a unique root ofF(W) = 0 under the required
conditions. The detailed proofis available upon request.
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Theorem 3 (Characterization of the Dynamics). For sufficiently small ε or η, the steady-
state equilibrium of the dynamical system (27)and (28) is locally determinate, featuring a
unique one-dimensional saddle path.

Proof. By totally differentiating (27) and (28), the Jacobian matrix of the one-sector m
evaluated at the steady-state value of(x,W) is given by:

J̃ =
[ 2ε

Z
[(1− x)W − ηx]Ω ′′ + Z Ω

Z
[(1− x)W − ηx]Ω ′′ + (1− x)Ω ′

2ε
Z

Ω
Z

]
.

whereZ ≡ δ − (η + W)Ω ′ > Ω > 1 (noting thatΩ ′ < 0 < Ω ′′). In the neighborhood o
the steady state,(1−x)W −ηx = −[(1−x)+δx]/Ω ′ > 0. Straightforward manipulation
give the trace and the determinant:

Tr
(
J̃

) = 2ε

Z

[
(1− x)W − ηx

]
Ω ′′ + Z + Ω

Z
> 0,

Det
(
J̃

) = Ω − 2ε

Z
(1− x)Ω ′ > Ω > 1.

Evaluating the characteristic function at{−1,1}, we have:

Λ(−1) = 1+ Tr
(
J̃

) + Det
(
J̃

)
> 0,

Λ(1) = − 1

Z

{
(Z − Ω)(Z − 1) + 2ε

[
(1− θ)(1− x)W − ηx

]
Ω ′′}.

Therefore, ifε is sufficiently small or ifη is not too large, thenΛ(1) < 0 becauseZ >

Ω > 1. If this is the case,Λ(λ̃) = 0 has two positive real roots,̃λ1 and λ̃2, satisfying
0 < λ̃1 < 1 < λ̃2. Since only one of{xt ,Wt } can jump freely, the steady state is loca
determinate. �

Although Theorem 3 is proved based on small values ofε or η, our numerical exercise
reported in Table 2 suggest that even with fairly large valuesε or η over a large range o
plausible parameter values, the saddle-point stability property is quite robust. The
despite endogenous occupational choice, dynamic indeterminacy in general cannot arise
the OLG economy features only one sector that produces a single homogeneous go

Table 2
One-sector model

Parameters x R λ̃1 λ̃2

0.05, 0.10 0.56 2.19 0.264 8.415
0.10, 0.10 0.56 2.18 0.265 8.498

ε, η 0.10, 0.20 0.49 1.97 0.240 8.521
0.20, 0.20 0.49 1.98 0.244 8.708
0.20, 0.30 0.44 1.82 0.225 8.738

1.25 0.45 1.05 0.255 4.365
2.00 0.49 1.61 0.245 6.853

δ 2.50 0.49 1.97 0.240 8.521
3.00 0.49 2.33 0.237 10.19
3.50 0.49 2.68 0.233 11.86
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4.3. The general setup

Our next task is to examine the stability properties in the general two-sector setu
endogenous occupational choice. To begin, we claim that given the initial valueK0, both
x0 andp0 can be chosen freely in our two-sector dynamical system. To see this, n
that att = 0, (14) does not restrict the choice ofx0 andp0 (because onlyx−1 andp−1 are
involved).7 By expressing (14), (17) and (18) int = 1, we have:

K1 + ηx0 = W(p0)(1− x0),

(1− Θw)δW(p1)x0 = (Θr − 1)R(p1)
[
(1− x0)W(p0) − ηx0

] + ΘrW(p1)(1− x1),

δW(p1) + ε(1− 2x0) = R(p1)
[
η + W(p0)

]
.

There are obviously five endogenous variables,x0, p0, x1, p1 andK1, implying that these
three equations do not restrict the choice ofx0 andp0, either. Throughoutt = 2,3, . . . ,
this argument continues to hold true. In other words,x andp are “jump variables” whose
initial values can be freely chosen.

Denote byJ the Jacobian matrix of the linearized 2× 2 dynamical system evaluated
the steady-state value of(x,p), and byJij the(i, j) element ofJ . Total differentiation of
(17) and (18) gives:

J11 = 1

ΘwW

[
2ε

B
Q − (1− Θw)δW − (Θr − 1)(η + W)R

]
,

J12 = 1

ΘwW

RW ′

B

[
Q + B(Θr − 1)(1− x)

]
,

J21 = 2ε

B
,

J22 = RW ′

B
,

whereQ ≡ (Θr − 1)[(1 − x)W − ηx]R′ + [Θw(1 − x) − (1 − Θw)δx]W ′ > 0 andB ≡
δW ′ − (η + W)R′ < (>)0 if θ1 < (>) θ2.

As ε converges to zero,J21 does the same, implying that the characteristic equa
converges to

Λ(x) ≡
∣∣∣∣ λ − J11 −J12

0 λ − J22

∣∣∣∣ = 0. (30)

We can now establish:

Theorem 4. If a non-degenerate steady-state equilibrium of the dynamical system (17)and
(18)exists, then for sufficiently small ε, it is locally indeterminate, regardless of the factor
intensity rankings.

7 At t = 0, the behavior of the initial old is passive where the good market equilibrium condition and the optim
schooling relationship are not well-defined.
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Proof. From (30), asε converges to zero, one root converges toJ11 and another converge
to J22. Using the definition ofΘw andΘr and applying the steady-stateSS locus, we can
derive:

J22 = ΘwpRW

δΘwpW − (η + W)ΘrpR

= θ1RW

θ1δW − (θ2 − 1)(η + W)R

= θ1W

η + W

∈ (0,1).

Thus, one root (denoted byλ1) is positive and within the unit circle. Similarly, takin
ε → 0, we can manipulateJ11 to obtain:

J11 = −[(1− Θw)δW + (Θr − 1)(η + W)R]
ΘwW

= θ2δW + (1− θ2)(η + W)R

θ1W

= δ

θ1

> 1,

implying another root (denoted byλ2) is positive but outside the unit circle. Since bothx

andp are jump variables, the dynamical system is locally indeterminate.�
When ε is not small, the underlying dynamic properties become too complicate

characterize analytically. Accordingly, we perform numerical exercises to show the robu
ness of our results. While we have examined many cases with various parameter val
report here only the most informative ones, grouped by the factor-intensity ranking
Table 1, panels A and B, respectively).8 In the benchmark cases, we select the skill mar
as 150% (δ = 2.5), and the ability heterogeneity and the pecuniary cost of educatio
2ε = η = 0.2. The capital cost shares in the two sectors are chosen as 0.2 and 0.3, respec-
tively. These parameter values give a steady-state fraction of the skilled asx = 0.53 (0.58)
and the steady-state gross rate of interest as 2.01 (1.96) for the case where the consumptio
good production uses capital (labor) more intensively. Again, we impose the const
η � ε andδ > R > 1. Thus, we perturb 2ε from 0.1 to 0.4, η from 0.1 to 0.3 (with η � ε)
andδ from 1.25 to 3.5 (consistent with dynamic efficiency). Our results indicate that
these plausible parameters, the dynamical system is always locally indeterminate,
positive stabilizing root and another positive root outside the unit circle.

In summary, we have established the local indeterminacy property regardless
factor intensity rankings. This contrasts sharply with the stability condition obtained

8 For example, we have experimented a wide range of{θ1, θ2}, with |θ1 − θ2| as small as 0.001 and as large
0.5, and found that our results are robust.
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the standard two-sector OLG model without occupational choice, where the steady
indeterminate only when the consumption-good sector is more capital intensive th
investment good sector (cf. Galor, 1992 and Reichlin, 1992). A natural question a
what are the underlying forces giving rise to dynamic indeterminacy?

From Theorems 2 and 3, we clearly see that in a standard OLG framework w
complicated preference/technology specifications, dynamic indeterminacy cannot a
occupational choice is absent or if the economy degenerates to only one sector th
duces a single homogeneous good. In the one sector case, the framework lacks s
reinforcing forces in which the price dynamics (factor prices) are purely driven by th
namics of the capital stock and the steady state is locally determinate. Under a two
setup with independent price dynamics, theconventional condition on the factor inte
sity ranking (requiring the consumption-good sector to be more capital intensive) e
that not only the price but the quantity dynamicsare stable in the absence of occupatio
choice.

By allowing occupational choice in such a two-sector overlapping-generations setti
we add an additional choice variable that helps stabilize capital adjustments. More s
cally, due to capital–skill complementarity, an increase in the proportion of the popu
becoming skilled raises the capital rental, a stabilizing force. Moreover, as the mass
skilled increases, the aggregate costs of education increase and the loanable funds sup
decreases. Both of these changes reduce netsavings and capital investment, which ag
help stabilize capital adjustments. As a result, the conventional condition on the fact
intensity rankings is no longer needed for local indeterminacy.

Finally, one may inquire whether the factor intensity rankings matter at all for dyn
adjustments in our model. Let us focus on the case with a sufficiently concentrate
tribution of ability (ε small). In this case, the local dynamics feature a one-dimens
stable manifold over two jump variables (which can be expressed asxt = φ(pt )). Con-
sider that, in a particular period, agents expect the long-run relative price of consum
to be higher (p increases). When the consumption sector is more capital intensive, th
Stolper–Samuelson theorem implies that the returns on capital must go up more th
portionately whereas the returns on labor must go down. As a result, the capital stoc
and the fraction of skilled workers drops (x decreases). Thus, along the transition path
obtain downward adjustments inx associated with upward adjustments inp (i.e.,φ′ < 0).
When the consumption sector is more labor intensive, the transition path will featu
ward adjustments in bothx andp (i.e.,φ′ > 0). In summary, although the factor intens
rankings do not affect the stability properties,they affect the configuration of the underl
ing dynamic adjustments. Moreover, the configuration of these dynamic adjustments
relative price and occupational choice help explain why dynamic indeterminacy can
through self-fulfilling prophecies. More precisely, updating theSS locus by one period an
applying the stable manifold relationship, we get:[

η + W(pt )
]
R(pt+1) − δW(pt+1) = ε

(
1− 2φ(pt )

)
.

When the consumption sector is more capital intensive (θ1 < θ2), an expected increase
pt+1 (sunspot driven) raises the LHS. Sinceφ′ < 0, an increase inpt can change occupa
tional choice to restore the equilibrium relationship. Moreover, since dpt+1/dpt > 0, such
an increase inpt leads to an increase inpt+1 and hence the expectations are self-fulfill
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The case ofθ1 > θ2 can be worked out by similar arguments, whereR′ < 0, W ′ > 0 and
φ′ > 0.

5. Concluding remarks

This paper has presented a two-sector overlapping-generations model with endogen
occupational choice where borrowing is required for investment in education. We ha
demonstrated that the economy may exhibit indeterminacy of converging paths,
ing that expectations-driven endogenous fluctuations can emerge. In our model, the utility
function is linear in consumption in old age, the production technologies take the C
Douglas forms with constant returns, and the credit market is perfect. As such, the dy
indeterminacy result in our economy mainly stems from the presence of the occup
choice behavior of the agents, though the two-sector structure is also essential for the

Here we may naturally ask: what happens if we generalize the borrower-lende
tionship? In our benchmark economy, we have assumed that the agents to be educ
borrowers and the agents who do not plan to beeducated are lenders. This is because
agents are assumed to be two-period lived and to consume only in their old age. If w
sider instead three-period lived agents who consume in both the second and third p
there need not be a one-to-one relationship between educational decision (educate
uneducated) and occupational choice (borrowers versus lenders). As such a genera
provides additional intertemporal reinforcing forces, one would expect that it may inc
the likelihood of dynamic indeterminacy.
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