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Set Theory1

1 Overview.

This is an informal introduction to Set Theory. I try to convey the main line of
development without devoting too much space to technicalities. I largely follow
Halmos (1970). More formal references are Suppes (1960) and Enderton (1977).

I have two objectives. The first is to introduce basic concepts like cardinality,
which I have to cover anyway. The second is to demonstrate the possibility of
building up mathematics systematically.

Set Theory does not include a formal definition of what it means for x to be an
element of a set A, written x ∈ A. Implicitly, Set Theory assumes that this concept
already has meaning for us. Set Theory focuses instead on rules for forming sets
and on the way that sets can be used to construct other objects of interest to us,
such as functions and numbers.

Throughout, {a, b} is understood to mean the set with elements a and b, and
similarly for {a, b, c} and so on. If A and B are sets, write

A ⊆ B

(A is a subset of B) iff, for any x, x ∈ A implies x ∈ B.

2 The Axioms of Set Theory.

The theorems collectively known as Set Theory can be axiomatized in a number of
different ways, but the standard axiomatization is Zermelo-Fraenkel, which is the
following.

• Extension.

• Specification.

• Pairing.

• Union.

• Power.

1cbna. This work is licensed under the Creative Commons Attribution-NonCommercial-
ShareAlike 4.0 License.
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• Infinity.

• Choice.

• Regularity.

• Replacement.

I mention Regularity and Replacement only briefly. Regularity gets mentioned in
Section 1 and Replacement in Section 10.2. All of the other axioms, however, I
discuss in some detail.

3 Axiom: Existence.

There exists a set.

This axiom is not one of the standard Zermelo-Fraenkel axioms (because it is
implicit in some of the other axioms). But I think it helps the exposition to state
an existence axiom up front.

4 Axiom: Extension.

If A and B are sets then A = B iff A ⊆ B and B ⊆ A.

By definition of ⊆, it follows that A = B iff for any x, x ∈ A iff x ∈ B. A subtle
point is that I am implicitly assuming a background logic in which equality already
has meaning. So, even without Extension, I can write that, for all x, x = x. A
formal treatment would be explicit about this sort of thing.

What Extension brings that is new is that two sets are equal if they have the
same elements, even if the sets appear to differ in some other way, such as in the
way in which the sets are described. For example, by Extension, {a, b} = {b, a}
and {a, a} = {a}. Extension says that, so far as Set Theory is concerned, the only
attribute of a set that matters is its elements.

Write A ⊂ B (A is a proper subset of B) iff A ⊆ B and A 6= B (i.e., there is an
b ∈ B such that b /∈ A). Here and elsewhere, a strikethrough ( 6∈, 6=, 6⊆, 6⊂) means
negation.

5 Axiom: Specification.

5.1 Statement of the Axiom of Specification.

If A is a set and, for every x ∈ A, P (x) is a statement about x, then
there is a set B such that x ∈ B iff x ∈ A and P (x) is true.
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I write,
B = {x ∈ A : P (x)}.

For example, I could use Specification to identify the set of cats that have white
paws. A would be the set of all cats. P (x) would be read: “cat x has white paws.”

There are rules governing what can constitute a valid P . I won’t go into what
these rules are, because the material quickly becomes quite technical, but the effect
is to exclude P that are gibberish, vague, or paradoxical. In informal examples, such
as the one above, there may be some ambiguity about P (how white do paws have
to be to be considered white?). In the formal development, P will be unambiguous.

Remark 1. Specification is actually an axiom schema, an entire collection of axioms,
rather than a single axiom, since there is a new instance of specification for each
statement P . For this reason, there are actually an infinite number of Zermelo-
Fraenkel set theory axioms rather than just nine. �

5.2 The Empty Set.

Let A be any set (one such set exists, by Existence) and let

B = {x ∈ A : x 6= x}.

Therefore, B has no elements. By Extension, there is only one set with no elements
(trivially, since any two such sets have the “same” elements). This unique empty
set is denoted ∅.

Trivially, for any set A, ∅ ⊆ A.

5.3 There is no “Set of All Sets.”

Specification alone, without any other assumptions, gives the following remarkable
result.

Theorem 1. If A is a set then there is a set B such that B /∈ A.

I provide a proof below. In words, Theorem 1 says that there is no set of all sets,
no universal set. In the early days of Set Theory, it was naively assumed that there
was a universal set: one can sort of imagine all sets, and then one imagines taking
the set of all of that. Existence of a set of all sets leads, however, to a conundrum
called Russell’s Paradox.

Set Theory avoids paradox by not assuming the existence of a universal set
and then showing, via Theorem 1, that such a set cannot, in fact, exist. Russell’s
Paradox supplies the main idea in the proof. Theorem 1 implies that if I were to
axiomatically assume existence of such a set, then Set Theory would be inconsistent,
and therefore useless: every statement would be both true and false. Theorem 1 also
provides a vivid demonstration that we cannot take existence of sets for granted.
Any existence statement must be justified either directly or indirectly (via proof)
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from the Set Theory axioms. In particular, at this point in the development, the
only set that we actually know exists is ∅.

Since there is no universal set, it is a good idea to be careful and write {x ∈ A :
P (x)} rather than just {x : P (x)}. In many cases, the set A is understood (perhaps
because you have been using A all along). But there is a danger of thinking that A
exists when it does not.

To avoid using the word “set” where it is not justified, I sometimes use the
word “collection” (a more standard term in mathematics is “class”). Any grouping
of objects can be a collection, and any set is a collection, but not all collections
are sets. For example, I could refer to the collection of all sets, even though this
collection is not a set. The distinction is not just words: we will be deriving theorems
about sets and these theorems need not extend to all collections.

Before proceeding to the proof, note that if there were a universal set then it
would be a member of itself. Can any set be an element of itself? This seems
weird and for a number of reasons Zermelo-Fraenkel Set Theory rules it out: the
Axiom of Regularity implies that if A is a set then A 6∈ A. Theorem 1 thus follows
immediately from Regularity. But the proof does not require Regularity. The proof
only requires Specification.

Proof of Theorem 1. Define

B = {x ∈ A : x /∈ x}.

Regularity implies that B = A but if I do not assume Regularity then it is conceiv-
able that B is a proper subset of A.

I complete the proof with two different arguments that B /∈ A, either of which
suffices.

1. Consider any x ∈ A. If x ∈ x, then, by the definition of B, x /∈ B. Then
x 6= B (since there is an element, namely x, that is in x but not in B). On
the other hand, if x /∈ x, then, by the definition of B, x ∈ B. Again, x 6= B
(since there is an element, namely x, that is in B but not in x). Thus, either
way, x 6= B. Since x was an arbitrary element of A, no element of A is equal
to B: B /∈ A.

2. By Reductio Ad Absurdum (RAA). Suppose B ∈ A. If B ∈ B then, by the
definition of B, B /∈ B. Conversely, if B /∈ B then, by the definition of B,
B ∈ B. Thus, if B ∈ A then B ∈ B iff B /∈ B. By RAA, B /∈ A.

Either of the proofs just given is valid, but the RAA proof is the standard one. �
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6 Axiom: Pairing.

6.1 Statement of the Axiom of Pairing.

If A and B are sets then there is a set that contains A and B as elements.

By Specification, Pairing implies that there exists a set, namely {A,B}, contain-
ing exactly A and B as elements.

6.2 Some implications for the empty set.

An important consequence of Pairing is that {∅} is a set, since Pairing gives {∅, ∅}
and Extension reduces this to just {∅}.

Note that ∅ 6= {∅}: ∅ ∈ {∅} whereas ∅ 6∈ ∅ (since ∅ has no elements). In partic-
ular, Pairing implies the existence of a non-empty set, which we have constructed
out of “nothing” (or, more accurately, out of the empty set).

7 Axiom: Union.

7.1 Statement of the Axiom of Union.

If A is a set of sets then there is a set B such that x ∈ B if there exists
an A ∈ A such that x ∈ A.

By Specification, Union implies that there exists a set, written⋃
A∈A

A,

such that x ∈
⋃

A∈AA iff x ∈ A for some A ∈ A.
If A contains just two sets, say A = {A1, A2}, then I write A1 ∪A2.
For example, suppose A1 = {a, b}, A2 = {b, c}. Then A1 ∪ A2 = {a, b, c}. Note

that A1 ∪A2 6= {A1, A2} = A

7.2 Intersection.

Let A be a set of sets. Let Â =
⋃

A∈AA. By Union, Â is a set. Define

B = {x ∈ Â : ∀A ∈ A, x ∈ A}.

B is the intersection of the sets in A, written

B =
⋂
A∈A

A.

Two sets A and B are disjoint iff A ∩B = ∅.
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7.3 Complements.

Given two sets A,B, define

A \B = {x ∈ A : x /∈ B}.

Thus, if A = {a, b} and B = {b, c}, then A \B = {a}.
Given a set X and a set A ⊆ X, let the complement of A, written Ac, be defined

by
Ac = X \A.

Thus, if X = {a, b, c} and A = {a, b}, then Ac = {c}. A subtlety here is that Ac

must be defined with respect to a particular X. In practice, X is usually fixed at
the outset and A is understood to be a subset of this X.

Note that, in general, if A and B are subsets of X then A\B = A∩Bc. Formally,
this is a theorem of set theory. I frequently mention results like this, which are useful
but (arguably) trivial, in passing, rather than formally, to avoid clutter.

Given a set A of subsets of some set X, it is of interest to take the union or
intersection of the corresponding complement sets. Define:⋃

A∈A
Ac = {x ∈ X : ∃A ∈ A such that x ∈ Ac}

and ⋂
A∈A

Ac = {x ∈ X : ∀A ∈ A, x ∈ Ac}.

Theorem 2 (De Morgan’s laws). Let X be a set and let A be a set of subsets of X.
Then the following hold.

1.
(⋃

A∈AA
)c

=
⋂

A∈AA
c.

2.
(⋂

A∈AA
)c

=
⋃

A∈AA
c.

Proof. For any x ∈ X, x ∈
(⋃

A∈AA
)c

iff x 6∈
⋃

A∈AA iff x 6∈ A for any A ∈ A iff
x ∈ Ac for every A ∈ A iff x ∈

⋂
A∈AA

c. This shows that
(⋃

A∈AA
)c

=
⋂

A∈AA
c.

The other part of the proof is similar. �

The above is an example of a straight deductive proof. Note that neither the
theorem nor the proof require the sets to be nonempty.

8 Axiom: Power.

8.1 Statement of the Axom of Power.

If A is a set then there is a set B such that if x ⊆ A then x ∈ B.
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By Specification, Power implies that, in particular, there is a set containing
precisely the subsets of A. This set is denoted P(A) and is called the power set of
A. For example, if A = {a, b, c}, then,

P(A) = {∅, {a}, {b}, {c}, {a, b}, {a, c}, {b, c}, {a, b, c}}.

As discussed in Remark 9 below, if A is infinite then there is subtlety about what
exactly is in P(A).

8.2 Cartesian Products I.

Let A and B be non-empty sets. I want to construct the ordered pair (a, b), with
a ∈ A and b ∈ B, as a set theoretic object. I can’t use {a, b} because {a, b} = {b, a},
by Extension. A construction that will work is (a, b) = {{a}, {a, b}}. I leave it as
an exercise to verify that (a, b) = (â, b̂) iff a = â and b = b̂. Note that

(a, b) ∈ P(P(A ∪B)),

where the latter is a set by Union and Power. One can then define the Cartesian
product, A×B, via

A×B = {x ∈ P(P(A ∪B)) : ∃a ∈ A, b ∈ B such that x = (a, b)} ,

which is a set, by Specification.
In Section 10.3, I discuss how to construct arbitrary Cartesian products (rather

than just pairs).

8.3 Relations.

A relation R on A×B is simply any subset of A×B. The domain of R is {a ∈ A :
∃b such that (a, b) ∈ R}. The range of R is {b ∈ B : ∃a ∈ A such that (a, b) ∈ R}.

8.4 Functions.

A function from a set X to a set Y is a relation f with the following properties; as
is standard practice, I write f(x) = y to mean (x, y) ∈ f .

1. The domain of f is X.

2. f is single-valued: if f(x) = y and f(x) = ŷ, then y = ŷ.

The notation,
f : X → Y,

is read, “f is a function from X to Y .” I refer to Y as the target space, which may be
strictly larger than the range. The target space is often also called the co-domain.
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I also refer to a function as a map and I will write that a function f : X → Y maps
points from X to Y .

Do not confuse f , which is the name of the function, with f(x) which is the
value the function takes at a point. It is wise to use different notation for function
names and for function values. Thus, it is better to write y = f(x) than to write
y = y(x), although I concede that there is a tradeoff between notational clarity and
notational simplicity.

Consider any f : X → Y .

• f is one-to-one, 1-1, into, or injective iff, for any x, x̂ ∈ X, if x 6= x̂ then
f(x) 6= f(x̂). Equivalently, for any y ∈ Y , there is at most one x ∈ X such
that y = f(x).

• f is onto or surjective iff for any y ∈ Y , there is at least one x ∈ X such that
y = f(x).

• f is bijective iff it is 1-1 and onto. Equivalently, f is bijective iff for any y ∈ Y ,
there is exactly one x ∈ X such that y = f(x).

It is almost immediate from the definitions that f is a bijection iff there is a
bijection g : Y → X with the property that for any x ∈ X, g(f(x)) = x and for any
y ∈ Y , f(g(y)) = y. g is called the inverse of f and f is said to be invertible. It is
standard notation to write f−1 (rather than g) for the inverse of f .

Given a set A ⊆ X, the image of A is the set, denoted f(A), comprising all
values taken by f when restricted to the set A. Formally,

f(A) = {y ∈ Y : ∃x ∈ A such that y = f(x)}.

This is an abuse of notation, since the domain of f is X, not P(X), and the target
space for f is Y , not P(Y ). f(A) is, however, convenient, and standard, notation.
The image of X, f(X), is the range of f .

Similarly, given a set B ⊆ Y , the preimage or inverse image of B is the set
denoted, f−1(B), of all points in X that yield values in B. Formally f−1(B) = {x ∈
X : f(x) ∈ B}. Again, this is an abuse of our previous notation. Note that this
f−1 is well defined for all B ⊆ Y even if f is not a bijection (is not invertible). In
particular, it is possible that f−1(B) = ∅.

For ease of notation, when dealing with functions, if a set is a singleton (contains
exactly one element), I often drop the brackets { and }. Thus if f(A) = {y}, then
I write f(A) = y. Similarly, if f−1(B) = {x}, then I write f−1(B) = x. And for
y ∈ Y , I write f−1(y) rather than f−1({y}).

With this notation, the following is almost immediate.

• f is 1-1 iff for any y ∈ Y , f−1(y) contains at most one element.

• f is onto iff for any y ∈ Y , f−1(y) contains at least one element.
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• f is a bijection iff for any y ∈ Y , f−1(y) contains exactly one element.

If f is 1-1, but not necessarily onto, then f can be inverted on f(X) and I will
write this inverse as f−1 : f(X)→ X.

Here are some examples.

Example 1. Let f : R → R be defined by f(x) = ex. Then f is 1-1 but not onto,
since f(R) = R++ = {x ∈ R : x > 0}. (I assume that you know what R, the set of
real numbers, is even though I have not introduced it yet.) �

Example 2. Let f : R → R++ be defined by f(x) = ex. Then f is 1-1 and onto its
inverse is given by f−1(x) = ln(x). As this example suggests, any f can be made
onto by restricting Y to f(X). Thus, whether a function is onto is of interest only
if we are focusing for some reason on a particular Y . �

Example 3. Let f : R → R be defined by f(x) = x3 − x. Then f is onto but not
1-1. For example, f−1(0) = {−1, 0, 1}. �

Example 4. Let f : R → R be defined by f(x) = x3. Then f is a bijection, being
both 1-1 and onto, and its inverse is given by f−1(x) = x1/3. �

8.5 Order.

Given a set X, an order is a relation, usually written ≥, with the following properties
(as is standard practice, I write x ≥ y iff (x, y) ∈ ≥).

1. For every x ∈ X, x ≥ x (reflexivity).

2. For every x, y ∈ X, if x ≥ y and y ≥ x then x = y (antisymmetry).

3. For every x, y, z ∈ X, if x ≥ y and y ≥ z then x ≥ z (transitivity).

The order is called complete (or total or linear) if in addition it satisfies the following
property.

4. For every x, y ∈ X, either x ≥ y or y ≥ x.

Note that completeness implies reflexivity. The standard order on the real line R is
a total order. On R2, a standard order is that (a, b) ≥ (â, b̂) iff a ≥ â and b ≥ b̂. This
is an order but it is not a total order because (1, 2) and (2, 1), to take an example,
are not ordered.

In economics, it is common to work with preorders. A preorder is a relation that
is reflexive and transitive, but may fail antisymmetry. In particular, preferences are
given as a preorder on the consumption set, say R2

+ (the + subscript indicates that
all values are non-negative). The decision maker may weakly prefer (2, 1) to (1, 2)
and also vice versa (be indifferent between them) but (2, 1) 6= (1, 2).

Given an order ≥, one can define a strict order > by x > y iff x ≥ y and x 6= y.
The induced strict order has the following properties.
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1. For every x ∈ X, x 6> x (irreflexivity).

2. For every x, y ∈ X, if x > y then y 6> x (asymmetry).

3. Transitivity.

A similar construction holds for preorders.
Let X be an ordered set and let A ⊆ X. x ∈ X is an upper bound for A iff

x ≥ a for every a ∈ A. Let A∗ be the set (possibly empty) of upper bounds of A.
The least upper bound (LUB) of A, often written supA (sup for supremum), is the
smallest element of A∗, if it exists. Similarly, the greatest lower bound (GLB) of A,
often written inf A (inf for infimum), is the largest element, if it exists, of the set
(possibly empty) of lower bounds.

The following argument shows that a sup, if it exists, is unique. Suppose that
x, y are both least upper bounds of A. Since y is an upper bound, but x is the least
upper bound, then x ≤ y. By a similar argument, y ≤ x. Hence (by antisymmetry)
x = y. And similarly an inf, if it is exists, is unique.

Existence of a sup or inf turns out to be a critical property for many applications,
including maximization. An ordered set X has the Least Upper Bound Property
(LUB) iff every set A ⊆ X that has an upper bound has a least upper bound. The
definition of the Greatest Lower Bound Property (GLB) is analogous. I leave it as
an exercise that LUB holds iff GLB holds.

9 Axiom: Infinity.

9.1 Statement of the Axiom of Infinity.

For any set A, define A+ = A ∪ {A}. By Pairing and Union, A+ is a set, called a
successor set. Call a set of sets S inductive iff ∅ ∈ S and, for any set A ∈ S, A+ ∈ S.
The Axiom of Infinity says the following.

There exists an inductive set.

Intuitively, an inductive set must be infinite (although I have not gotten to the
definition of infinity yet). Hence the Axiom of Infinity implies the existence of a
particular kind of infinite set.

9.2 The Natural Numbers.

Identify the number 0 with ∅, 1 with ∅+ = {∅} = {0}, 2 with ∅++ = {∅, {∅}} =
{0, 1}. And so on. These are the natural numbers. In general, the natural number
n is identified with {0, 1, . . . , n− 1}, a set with n elements.

The construction of any given natural number does not require the Axiom of
Infinity. Nor do I need Infinity to construct any finite set of natural numbers, say
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{1, 5, 6}; repeated application of Pairing suffices. What does require a new axiom,
namely Infinity, is the statement that there is a set containing all of the natural
numbers. Theorem 1 shows why I have to be careful about what collections I call
sets.

Set Theory identifies the set of natural numbers with the smallest inductive set.
I need to show that this smallest inductive set exists.

I start by noting that the intersection of inductive sets is an inductive set.

Theorem 3. If A is a non-empty set of inductive sets then
⋂

A∈AA is inductive.

Proof. First, ∅ ∈
⋂

A∈AA since ∅ ∈ A for every A ∈
⋂

A∈AA. Second, suppose
a ∈

⋂
A∈AA. Then a ∈ A for every A ∈ A. Since each such A is an inductive set,

a+ ∈ A for every A ∈ A. Hence a+ ∈
⋂

A∈AA, as was to be shown. �

The next result shows that there is a unique smallest inductive set. Intuitively,
the smallest inductive is the intersection of all inductive sets, but I cannot define
that intersection because I don’t know that the collection of all inductive sets is a
set. Fortunately, I can finesse this problem.

Theorem 4. There is a unique inductive set N such that for every inductive set A,
N ⊆ A.

Proof. Fix any inductive set S (by Infinity, one such set exists) and let N equal
the intersection of all inductive sets, including S itself, that are subsets of S. By
Theorem 3, N is inductive.

Take any inductive set A. Then by, Theorem 3, N ∩ A is inductive. Moreover,
N ∩A is a subset of N and hence of S. Since N is, by construction, a subset of any
inductive subset of S, this implies that N is, in particular, a subset of N ∩A. Since
N ∩A is a subset of A, N ⊆ A.

To see that N is unique, let T be any other inductive set that is a subset of every
other inductive set. Then T ⊆ N and N ⊆ T , hence T = N. �

We have a prior idea of what the set of natural numbers should be, which prompts
the question whether N as just defined really corresponds to our everyday notion of
the set of natural numbers. There is no formal way to address this question. But N
functions the way it should (e.g., arithmetic on N is what one would expect), which
is good enough for our purposes.

Remark 2. In Set Theory, the natural numbers are {0, 1, 2, . . . }. But you will find
other math treatments in which the natural numbers exclude 0. This is just a matter
of terminological convention. In this course, the natural numbers always include 0.
Treatments that call {1, 2, . . . } the set of natural numbers often refer to {0, 1, 2, . . . }
as the whole numbers. �
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9.3 Induction, Order, and Arithmetic on N.

Theorem 5. If S is an inductive set and S ⊆ N then S = N.

Proof. Since N ⊆ S and, by assumption, S ⊆ N, S = N. �

Theorem 5 is the basis for proof by induction. In a proof by induction, one shows
that some statement holds for n = 0 and also that if the statement holds for n then
it also holds for n+, which, you will note, is the same thing as n + 1. Thus, the
subset of N for which the statement is true is inductive, and by Theorem 5, the
statement holds for all n ∈ N. I give an example below.

There is a natural order on N given by set inclusion; thus, for example, 0 ≤ 1
since 0 = ∅, 1 = {∅}, and ∅ ⊆ {∅}. Using induction, one can show that this order is
complete. One can also show, again using induction, that N is well ordered: for any
set A ⊆ N, there is an a ∈ A that is the smallest element of A.

Induction is closely related to recursion. In a recursive definition of a function f
with domain N, one gives an explicit definition of f(0) and then defines f(n+ 1) as
a function of f(n). By Theorem 5, the set of n ∈ N for which f is defined is all of
N. I frequently write “etc”, “and so on”, or use ellipses (. . . ). These are all informal
allusions to recursion.

In the construction of N, n+ = n + 1. Henceforth, I write n + 1 rather than
n+. As should be evident from this, one can proceed recursively to define n + 2,
n+ 3, . . . , and then n+m, and then n× 1, n× 2, n× 3, . . . , n×m. And from this
one can go on to define exponentiation. One can, in short, define natural number
arithmetic.

There is a non-Set Theory axiomatization of arithmetic called the Peano Axioms.
I won’t go through the Peano Axioms in detail. An example is: if n,m ∈ N then
n = m iff n+1 = m+1. From our perspective, the Peano Axioms are just theorems
in Set Theory.

Example 5. I claim that for every n ∈ N, if xn =
∑n

i=0 i then xn = n(n+ 1)/2. To
establish this, let S = {n ∈ N : xn = n/(n+ 1)/2}. I need to show that S = N. By
Theorem 5, since S ⊆ N, it suffices to show that S is inductive. First, 0 ∈ S, since
0 =

∑0
i=0 i = 0(1)/2. Second, suppose that n ∈ S. Then xn = n(n+ 1)/2.

xn+1 =
n+1∑
i=0

i

= (n+ 1) +

n∑
i=0

i

= (n+ 1) +
n(n+ 1)

2

=
(n+ 1)(n+ 2)

2
,

12



as was to be shown. �

Remark 3. I have taken inductions to start at 0, but inductions can be started at
any n ∈ N. �

Remark 4. Similarly, the definition of recursion given above is overly restrictive. For
example, to define the Fibonacci series, take f(0) = 0, f(1) = 1, and for any n ≥ 1,
f(n+ 1) = f(n) + f(n− 1). �

Remark 5. A common error is to invoke induction in statements such as, “if
∑n

i=0 f(i)
has some property for every n then by induction

∑∞
i=0 f(i) also has that property.”

This use of induction is wrong. You can use induction to show that some formula for∑n
i=0 f(i) holds for every n ∈ N. But induction has nothing to say about

∑∞
i=0 f(i),

because ∞ /∈ N. �

Remark 6. Proof by induction differs from inductive reasoning. Inductive reasoning,
as used in the philosophy of science, refers to the inference of a general principle
from a finite set of examples. While inductive reasoning is useful for generating
conjectures, it falls short of our standard of proof. In particular, to prove that some
statement is true for all n ∈ N, it does not suffice to show that the statement is true
for all n ∈ {0, . . . , N}, where N is “large.” To take one famous instance, Fermat
conjectured that all numbers of the form

22
n

+ 1

are prime. The conjecture is in fact true for n = 0, 1, 2, 3, 4. But Euler pointed out
that the conjecture is false for n = 5. �

9.4 Z, Q, and R.

From N, one can give a set theoretic construction of Z (the integers; Z consists of
the natural numbers and also, for any n ∈ N, −n) and Q (the rational numbers; Q
consists of all numbers that can be expressed as a ratio of integers). N ⊆ Z ⊆ Q.
The details of these constructions are not important, so I have relegated them to
separate notes, and even those notes are informal.

Q, combined with addition and multiplication, is a field. This means, for exam-
ple, that addition is commutative (p+q = q+p) and that addition and multiplication
together are distributive (p(q+r) = pq+pr). Moreover, as a field, Q has an additive
identity, namely 0, and every p ∈ Q has an additive inverse, namely −p. And as a
field, Q has a multiplicative identity, namely 1, and if p 6= 0, then p has a multi-
plicative inverse, namely 1/p. With the standard order ≥, Q is an ordered field. For
a formal discussion of Q as an ordered field, see Rudin (1976).

Because Q is an ordered field, it is, in many ways, extremely nice. It has, however,
a major drawback for certain applications, such as the maximization of functions:
Q has “holes.” One concise and elementary way to express the fact that Q has
holes is to note that Q does not satisfy the Least Upper Bound (LUB) property:
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there are subsets of Q that are bounded above but that have no least upper bound;
the missing least upper bounds are holes in Q. For example, it follows from the
fact that

√
2 is not rational (this requires proof) and Theorem 7 below that the set

{x ∈ Q : x2 ≤ 2} has no least upper bound, even though it is bounded above. As
a consequence, the problem of maximizing f(x) = x on {x ∈ Q : x2 ≤ 2} has no
solution.

This motivates finding an ordered field that satisfies the LUB property. It is
a theorem that such a field does, in fact, exist. The separate notes on numbers
provide a sketch of the existence proof. Call this field R, the real numbers. Q ⊆ R.

What, exactly, is in R\Q? As is well known, every element of R can be expressed
as a decimal. For example, π = 3.141592654 . . . . But note that one needs the entire
decimal to pin down an element of R. It is not enough to know the first thousand,
million, or billion digits. As discussed at greater length in the notes on numbers,
most of R is purely abstract: for most x ∈ R, there is no way to communicate
to another person exactly what x is. It is important, therefore, not to take any
properties of R for granted.

In particular, one can establish the following two properties.

Theorem 6 (Archimedean Property). For any x ∈ R, there exists n ∈ N s.t. n > x.

Proof. See the notes on numbers. �

Theorem 7 (Betweenness). For any x, y ∈ R s.t. y > x, there exists q ∈ Q s.t.
y > q > x.

Proof. See the notes on numbers. �

Remark 7. If a set A ⊆ R is not bounded above then it is customary to write supA =
∞. Similarly, if A ⊆ R is not bounded below, it is customary to write inf A = −∞.
This notation sometimes leads to error; always remember that ∞,−∞ /∈ R. �

9.5 Cardinality.

Say that sets A and B have the same cardinality iff there is a bijection f : A→ B.
Write |A| = |B| (also written #A = #B or card A = card B).

As constructed, the number n ∈ N is itself a set with n elements, namely
{0, 1, 2, . . . , n − 1}. Therefore, if |A| = |{0, 1, 2, . . . , n − 1}| then it makes sense
in this case write |A| = n. A set A is finite iff there is an n ∈ N such that |A| = n.
Any set that is not finite is infinite. There is also a set theoretic definition of car-
dinality also for infinite sets; I will not pursue this formally but I mention it briefly
in Section 10.2 on ordinal numbers.

The set N itself is infinite. Its cardinality is written ℵ0 (we have to call it
something and mathematicians have chosen to call it ℵ0 instead of, say, Alice). A

14



set A is countably infinite iff |A| = ℵ0. A set A is countable iff it is either finite or
countably infinite. A set is uncountable iff it is not countable.

One can prove than any subset of a countable set is countable. By contraposition,
any superset of an uncountable set is uncountable.

This definition of cardinality has some consequences that you may find coun-
terintuitive. One of these is that there are proper subsets of N, for example,
S = {1, 3, 5, 7, . . . }, that also have cardinality ℵ0. For finite sets, this is impos-
sible; for finite sets, one can prove that a set and a proper subset of that set cannot
have the same cardinality.

The following result states that a countable union of countable sets is countable.
One implication is that the set of rational numbers is countable, even though the
set of rational numbers strictly contains N.

The following result states that a countable union of countable sets is countable.

Theorem 8. Let A be countable and suppose that A is countable for every A ∈ A.
Then

B =
⋃
A∈A

A

is countable.

Proof. (Sketch.) I focus on the case where all sets are countably infinite. Since
A is countably infinite, it can be written in the form {A0, A1, . . . } (i.e., since A is
countably infinite, there is a bijection f : N → A; write A0 = f(0), A1 = f(1) and
so on). Similarly, for each n ∈ N, since An is countably infinite, it can be written in
the form {an0, an1, . . . }. Informally, imagine arranging the elements of the An into
a giant (infinite) matrix:

A0

A1

A2

A3
...

 =


a00 a01 a02 a03 · · ·
a10 a11 a12 a13 · · ·
a20 a21 a22 a23 · · ·
a30 a31 a32 a33 · · ·
...

...
...

...
. . .


Then construct g : N→ B by zigzagging through this matrix: g(0) = a00, g(1) = a01,
g(2) = a10, g(3) = a20, g(4) = a11, g(5) = a02, g(6) = a03, g(7) = a12, and so on.
It is easy to verify that g is onto. If the An are not pairwise disjoint (i.e., if a pair
of the An have a non-empty intersection) then g may not be 1-1. But this problem
can be repaired by skipping over any redundancies when constructing g. �

Theorem 9. Q is countable. R is uncountable.

Proof. I omit an explicit proof that Q is countable but one proof is almost identical
to that just sketched for Theorem 8. In particular, any rational is of the form z/n
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where z is an integer and n is a natural number other than 0. Construct an infinite
matrix of all possible z/n where the rows correspond to z ∈ {0, 1,−1, 2,−2, . . . } and
the columns correspond to n ∈ {1, 2, . . . }. One can construct a function g : N→ Q
by zigzagging through this matrix. A minor snag is that there are redundancies,
since 1/2 = 2/4, for example. But this problem can be repaired by skipping over
any redundancies when constructing g.

A standard proof of the uncountability of the reals, due to Cantor, runs as fol-
lows. As detailed in the notes on Numbers, every real in [0, 1) can be represented as
a decimal expansion, which I write as infinite strings of the form x1x2 . . . , where each
xn ∈ {0, . . . , 9}. (More conventionally, the decimal expansion is written 0.x1x2 . . . ,
but the “0.” is just notational clutter for us.) Informally, the string encodes the
infinite sum

x1
10

+ · · ·+ xn
10n

+ . . . .

Some reals in [0, 1) are represented by more than on string. For example, 1/2 is
represented by both 5000 . . . (i.e., 0.5) and by 4999 . . . (i.e. 0.4999 . . . ). In general,
whenever there is a representation that ends in an infinite string of 0s, there is also
a representation that ends in an infinite string of 9s (with the exception of 0, which
is only represented by 0000 . . . ), and vice versa (remember that 1 /∈ [0, 1)). This is,
however, the only ambiguity in representation by decimal expansion. Resolve this
ambiguity by adopting the convention that, when relevant, we always choose the
representation that ends in an infinite string of 0s. Let D be the set of all infinite
decimal strings that do not end in an infinite string of 9s. Then there is a bijection
between [0, 1) and D, hence |[0, 1)| = |D|. Note that D is infinite.

Now consider any countably infinite set A ⊆ D. By countability, I can represent
A as {a1, a2, . . . } where each ak is a decimal string. Form a string a∗ by setting
a∗k = 0 if akk 6= 0 and a∗k = 1 if akk = 0, where akk is the kth term in the string ak. Then
a∗ is a string of 0s and 1s (and hence it does not end in an infinite string of 9s and
hence lies in D) and differs from every ak ∈ A in at least one place. Hence a∗ /∈ A,
hence A 6= D. A was arbitrary, hence no countably infinite set equals D, hence D
is uncountable, hence [0, 1) is uncountable. Since [0, 1) ⊆ R, R is uncountable. �

I discuss some additional aspects of cardinality in Section 10.4.

10 Axiom: Choice.

10.1 Statement of the Axiom of Choice.

Let A be a non-empty set of non-empty sets. Let C =
⋃

A∈AA. There
exists a function f : A → C such that for each A ∈ A, f(A) ∈ A.

That is, the function f chooses one element from each set in A, hence the name
Axiom of Choice. Recall that a function is formally a subset of A×C. The Axiom
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of Choice not merely asserts existence of a collection of points in A × C with the
required properties but asserts that this collection is a set. The subtle issue is that,
without the Axiom of Choice, some collections of points in A× C may not be sets;
see also Remark 9 below.

If A contains a single set, say A, then Choice is satisfied, even without assuming
it as an axiom: since A is not empty, there is an a ∈ A; let f(A) = a. Similarly,
Choice holds for any (non-empty) finite set of (non-empty) sets. This is true even if
the A ∈ A are themselves infinite. For an infinite set of sets, however, a new axiom,
Choice, is needed to guarantee the existence of a choice function. The situation is
somewhat analogous to the situation with the construction of N. Recall that I could
define every n ∈ N without invoking the Axiom of Infinity, but I required a new
axiom to be able to call the infinite collection N a set.

There was a time when Choice was so contentious that it had a special status
in Set Theory. The reason is that Choice implies that there are sets with highly
non-intuitive properties. We will see examples later in the course. On the other
hand, Choice plays an important positive role in some of the mathematics used in
economics.

10.2 Ordinal Numbers.

My treatment is schematic.
An ordered set is said to be well ordered iff every subset has a least element. N

is an example of an ordered set that is well ordered. Note also that each n ∈ N
has the following property. n = {0, 1, . . . , n − 1}, and for any j ∈ n, j is itself
the name of the proper subset of n consisting of natural numbers smaller than j:
j = {0, 1, . . . , j − 1} = {k ∈ n : k < j}; if j = 0 then this subset is empty, which is
correct.

Ordinal numbers generalize this: an ordinal number is a well-ordered set α with
the property that every element x ∈ α equals the set {β ∈ α : β < x}. One can
show that every ordinal (is order isomorphic to an ordinal that) lies in a hierarchy
that starts at 0, runs through the rationals, and then beyond (way beyond), and
that is well ordered by set inclusion. Two ordinals are “order isomorphic” iff there
is an order preserving bijection between them; we view order isomorphic ordinals as
being different names for, or descriptions of, what is fundamentally the same ordinal
and henceforth ignore this issue. The simplest example of an ordinal number that
is not a natural number is the set of all natural numbers, N. When interpreted as
an ordinal number, the set of natural numbers is usually written ω.

By using successor sets, we can construct ordinal arithmetic. In particular,
ω+1 = ω+ = {ω, {ω}}, which you can think of as {0, 1, 2, . . . , ω}. And similarly, we
can construct ω+2, and so on. What about ω+ω? Is there an ordinal number (which,
remember, is a kind of set) that corresponds to this? The Axiom of Replacement
(and a new axiom is needed for this) implies that the answer is yes. And we can go
on in this way, to ever more incomprehensibly large ordinals.
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Any n ∈ N can be interpreted both as an ordinal and as a cardinal. For infi-
nite numbers, this breaks down. For example, the next ordinal after ω is ω+ =
{0, 1, 2, . . . , ω}. But ω and ω+ have the same cardinality, namely |ω| = |ω+| = ℵ0.

The general definition of a cardinal number is that |A| is the smallest ordinal
that has the same cardinality as A. Choice can be shown to imply that an ordinal,
say α, exists with the same cardinality as A (which is why I am including this
subsection under Choice) and the well ordering of the ordinals implies that there is
a smallest ordinal with the same cardinality as A.

Remark 8. One of the many issues that I am sweeping under the rug here is the
fact that I originally defined order as a special kind of subset of a product space.
The problem for us is that it is not possible to order all of the ordinals in this way
because one can show that the collection of ordinals is too large to be a set. Rather
than bog down on this point, let us note that the order relation is well defined for
any set of ordinals. �

10.3 Cartesian Products II.

The definition of Cartesian product given in Section 8.2 was for the product of two
sets. This construction can easily be extended recursively to any finite number of
sets. But the construction does not extend to products of an infinite number of sets,
because, in that construction, it is not clear what set the infinite product set is an
element of.

There is, fortunately, another approach that scales easily to infinite products.
Consider again the product of two sets A1 and A2. Rather than define A1 × A2

as in Section 8.2, do the following. Let C = A1 ∪ A2 and consider any function
f : {1, 2} → C such that f(1) ∈ A1 and f(2) ∈ A2. Any such function is equivalent
to a point in A1 ×A2: if f(1) = a1 and f(2) = a2 then the point is (a1, a2).

A1 × A2 can then be identified with the set of such functions. Explicitly, a
function f : {1, 2} → C is a subset of {1, 2} × C. Therefore, A1 × A2 can be
identified with the set,

{f ∈ P({1, 2} × C) : f : {1, 2} → C and ∀i ∈ {1, 2}, f(i) ∈ Ai} .

To generalize this, let A be a set of sets, let I be another set, and let g : I → A.
The interpretation is that I indexes the sets in A. In the example above, I = {1, 2},
g(1) = A1 and g(2) = A2. If I = N then I typically write A = {A0, A1, . . . , }. In
the general case, I do not require that g be either 1-1 or onto: the same set can be
indexed more than once and some sets may not be indexed at all.

Fix I, A, and g. I construct the Cartesian product as follows. Let C =
⋃

A∈AA.
Then the Cartesian product is,

{f ∈ P(I × C) : f : I → C and ∀i ∈ I, f(i) ∈ g(i)}.
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Note that this definition makes use of I×C. So this definition of Cartesian product
requires the use of the definition of pairwise Cartesian products given in Section 8.2.

A subtlety with infinite Cartesian products is that the Axiom of Choice is some-
times needed to guarantee that the Cartesian product is not empty. In particular,
note that an element of the Cartesian product is a choice function.

Choice is not, however, needed to establish non-emptiness in sufficiently concrete
examples. For instance, consider Rω (the set of points of the form (x1, x2, . . . ), where
each xn ∈ R; recall from Section 10.2 that ω is the ordinal number corresponding
to N). A point in Rω can be identified with a function from N++ = {1, 2, . . . } to R,
and this function is, formally, a subset of N++ × R. The origin, (0, 0, . . . ) is then
given by

(0, 0, . . . ) = {(n, x) ∈ N++ × R : x = 0} ,

which is a set by Specification. Thus, Rω is non-empty since (0, 0, . . . ) ∈ Rω. This
application of Specification works because I can identify exactly what x needs to be;
I could not use this construction to guarantee the existence of an arbitrary point in
an arbitrary Cartesian product.

Remark 9. Any finite collection of sets is a set. In particular, by Pairing, if A is a
set then {A} is a set. And one can argue recursively, still using Pairing, that any
n-element collection of sets is a set. This implies that if X is a finite set of sets,
then P(X) consists of all collections of sets in X (including the empty set). Thus,
if X = {a, b, c}, then P(X) = {∅, {a}, {b}, {c}, {a, b}, {a, c}, {b, c}, {a, b, c}}.

If X is infinite then it is no longer the case that Pairing alone implies that every
collection of elements of X is a set. In particular, in the notes on Measure Theory, I
introduce a collection V consisting of certain elements of [0, 1]. If Choice holds then
V is a set, and this turns out to greatly complicate the construction of Lebesgue
measure. �

10.4 Cardinality II.

My treatment is schematic.
Write |A| ≤ |B| iff there is a 1-1 function f : A → B. Note that if A ⊆ B then

it is immediate that |A| ≤ |B| (just use the identity function f(a) = a).
It is easy to verify that ≤ as used here is reflexive and transitive. Is it antisym-

metric? That is, does |A| ≤ |B| and |B| ≤ |A| imply A = B? The answer turns out
be yes. This is the content of the Schröder-Bernstein Theorem.

Theorem 10 (Schröder-Bernstein). For any sets A and B, if |A| ≤ |B| and |B| ≤
|A| then |A| = |B|.

Proof. Omitted. The proof is non-trivial and not constructive. �

Remark 10. Theorem 10 was first stated and proved by Cantor. However, Cantor’s
proof relied on Choice, which is not actually needed. �
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Thus, ≤ satisfies the order properties and I will use it as an order on the cardinal
numbers. Moreover, Choice can be shown to imply that this order is complete (which
is why I have included this subsection under Choice). As usual, if |A| ≤ |B| but
|A| 6= |B| (equivalently, by Theorem 10, |B| 6≤ |A|) then write |A| < |B|.
Remark 11. We have the same issue with order here that we had with ordinals: one
can show that the collection of all cardinals is too large to be a set; see Remark
8. As with ordinals, we ignore this issue, noting that order on cardinality is well
defined for any set of cardinals. �

Theorem 11. Let A be any set. Then |A| < |P(A)|.

Proof. Since there is a trivial injection from A to P(A) (for any a ∈ A, let f(a) =
{a}), we have |A| ≤ |P(A)|. Therefore, it suffices to show that there is no onto
function from A to P(A).

The proof resembles the contrapositive proof given for Theorem 1. Consider any
function f : A→ P(A). Define

B = {a ∈ A : a /∈ f(a)}.

Consider any a ∈ A. If a ∈ B then a /∈ f(a), which implies B 6= f(a) (since B
contains a but f(a) does not). Similarly, if a /∈ B then a ∈ f(a), which implies
B 6= f(a) (since f(a) contains a but B does not). Either way, B 6= f(a). Therefore,
f is not onto because B ∈ P(A) and there is no a ∈ A such that f(a) = B. Since f
was arbitrary, there is no onto function from A to P(A), as was to be shown. �

Note that this immediately implies the existence of an uncountable set. In
particular, P(N) is uncountable.

The cardinality of P(N) is usually written 2ℵ0 . To motivate this, think of the
case of a finite set A. If the cardinality of A is n then the cardinality of P(A) = 2n,
since we can form the subsets of A by deciding, for each element of A, whether that
element is in the set; this gives two options (in the subset or not) for each of n
elements, or 2× 2× · · · × 2 = 2n possibilities overall.

The following result implies, among other things, that R is indeed uncountable.

Theorem 12. |R| = |P(N)| = 2ℵ0.

Proof. The proof is in two steps. The first step shows that |[0, 1)| = 2ℵ0 . The
second step shows that |R| = |[0, 1)|.

1. Claim: |[0, 1)| = 2ℵ0 .

As discussed in the proof of Theorem 9, any real number in [0, 1) can be
represented as a decimal string, and conversely every decimal string represents
a real number. Similarly, any real number in [0, 1) can be represented as a
binary string (a string of 0s and 1s) or a ternary string (a string of 0s, 1s, or
2s).
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Let B denote the set of all binary strings. There is a bijection between B and
P(N), since each such string can be interpreted as forming a subset of N with
xn = 1 interpreted as “include n in the subset” and xn = 0 interpreted as
“don’t include n in the subset.” Thus, |B| = 2ℵ0 .

Next, note that, as with decimal representations, there is a potential ambiguity
with binary representations. In the case of binary representations, the problem
is that the strings 1000 . . . and 0111 . . . , for example, represent the same
number. Along the same lines as in the proof of Theorem 9, resolve such
ambiguity by always choosing the representation ending in 0s. Adopting this
convention gives an injection from [0, 1) to B.

Let T̂ denote the set of ternary expansions such that for every k, xk 6= 2. Then
there is an injection from B to T̂ (indeed, a bijection) given by the identity
function.

Finally, there is an injection from T̂ to [0,1). In particular, note that T̂ contains
no strings ending with an infinite string of 2s, which is the source of potential
ambiguity with ternary expansions.

In summary, we have an injection from [0, 1) to B, an injection from B to T̂
and an injection from T̂ to [0, 1). Theorem 10 then implies |[0, 1)| = |B| = |T̂ |
so that, in particular, |[0, 1)| = 2ℵ0 .

2. Claim: |[0, 1)| = |R|. Define f : (0, 1)→ R by

f(x) =
x− 1/2

x(1− x)

It is easy to see that f is a bijection, hence |(0, 1)| = |R|. Hence f−1 is also a
bijection from R to (0, 1) and therefore maps R injectively to [0, 1) (but not
surjectively, since 0 is not in the range). On the other hand, since [0, 1) ⊆ R,
it follows that |[0, 1)| ≤ |R|. Theorem 10 then implies that |[0, 1)| = R.

�
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