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Finite Dimensional Optimization
Part III: Convex Optimization1

1 Saddle points and KKT.

These notes cover another important approach to optimization, related to, but in
some ways distinct from, the KKT Theorem. For simplicity, I focus on MAX prob-
lems with a single variable, x ∈ R, and a single constraint, g : R→ R. It should be
evident that the theory below extends easily to x ∈ RN and K constraints. And, as
usual, there is an analog for MIN problems.

Given a MAX problem, define L : R× R+ → R by

L(x, λ) = f(x)− λg(x).

L is called the Lagrangian. Say that (x∗, λ∗) is a saddle point of L iff

L(x, λ∗) ≤ L(x∗, λ∗) ≤ L(x∗, λ)

for all x ∈ R, λ ∈ R+. (x∗, λ∗) is a saddle point iff (x∗, λ∗) maximizes L with respect
to x and minimizes L with respect to to λ.

Recall that (one form of) the KKT condition for a MAX problem is that there
exists a λ∗ ≥ 0 such that ∇f(x∗) = λ∗∇g(x∗), with λ∗ = 0 if g(x∗) < 0. Theorem 1
states that if (x∗, λ∗) is a saddle point then the KKT condition holds at x∗ (with λ∗

as the multipilier). The proof is in Section 2.

Theorem 1. Given a MAX problem in standard form and associated Lagrangian
L, if (x∗, λ∗) is a saddle point of L and L is differentiable then x∗ is feasible and
the KKT condition holds at x∗.

The next two results in this section establish that x∗ solves the MAX problem
iff there is a λ∗ ≥ 0 such that (x∗, λ∗) is a saddle point of the associated L. The
proofs are again in Section 2. The first result gives sufficiency.

Theorem 2. Given a MAX problem in standard form and associated L, if (x∗, λ∗)
is a saddle point of L then x∗ solves MAX.

Recall the Slater condition; since there is only one constraint, the Slater condition
holds iff there is an x such that g(x) < 0. The next result gives necessity.

1cbna. This work is licensed under the Creative Commons Attribution-NonCommercial-
ShareAlike 4.0 License.
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Theorem 3. Given a MAX problem in standard form and associated L, suppose
that x∗ solves MAX. If f is concave, g is convex, and g satisfies the Slater condition,
then there is an λ∗ ≥ 0 such that (x∗, λ∗) is a saddle point of L.

If f and g are differentiable, then Theorem 3 follows from the KKT Theorem.
Explicitly, if the constraint is convex and Slater holds then constraint qualification
holds and the KKT Theorem then states that the KKT condition holds at x∗. If g
is not binding (i.e., if g(x∗) < 0), L(x∗, λ) is strictly increasing in λ and hence is,
indeed, minimized at λ∗ = 0. If, on the other hand, g is binding (i.e., if g(x∗) = 0),
then L(x∗, λ) = f(x∗), which does not depend on λ and hence is (trivially) minimized
at λ∗ = 0. As for x, the KKT condition implies that ∇xL(x∗, λ∗) = 0. Since L is
concave (since f is concave and g is convex), ∇xL(x∗, λ∗) = 0 is a sufficient condition
for x∗ to maximize L(x, λ∗) (by the notes on sufficiency).

Theorem 3 does not, however, assume differentiability. It requires, as a conse-
quence, a new proof, given in Section 2. Moreover, because Theorem 3 does not
assume differentiability, one can use it to construct a version of KKT that holds
even without differentiability, provided f is concave and g is convex. Instead of gra-
dients, one works with subgradients, which I discuss briefly in the notes on concave
functions. I do not pursue the topic of KKT without differentiability here, but it is
important in some applications.

A corollary of the above results is the following, a special case of a result that
appears in the Sufficiency notes (where it was proved by different means).

Theorem 4. Given a differentiable MAX problem in standard form, if the objective
function is concave, the constraint is convex, and Slater holds, then a necessary and
sufficient condition for a feasible x∗ to be a solution is that the KKT condition holds
at x∗.

Proof. If x∗ is a solution, then Theorem 3 says that there is a λ∗ ≥ 0 such that
(x∗, λ∗) is a saddle point of L, and Theorem 1 then says that the KKT condition
holds.

Conversely, if the KKT condition holds at x∗ then the argument given above,
following the statement of Theorem 3, shows that there is a λ∗ such that (x∗, λ∗) is
a saddle point of L. Theorem 2 then says that x∗ solves MAX. �

The following examples illustrate the role played by the conditions in Theorem
3.

Example 1. The following example appeared in the KKT notes. Let f(x) = x and
let g(x) = x2. Then the constraint set is {0}. The solution is, trivially, x∗ = 0.
Here, f is concave, g is convex, but Slater fails. The KKT condition fails: since
∇f(x∗) = 1 while ∇g(x∗) = 0, there is no λ ≥ 0 such that ∇f(x∗) = λ∇g(x∗). The
saddle point property fails: there is no λ∗ such that L(x∗, λ∗) ≥ L(x, λ∗) for all x.
�
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Example 2. The following example appeared in the KKT notes. Let f(x) = x
and g(x) = x3. The constraint set is (−∞, 0] and the solution is x∗ = 0. Here,
f is concave, Slater holds (for example, g(−1) = −1 < 0), but g is not convex.
The KKT condition fails: since ∇f(x∗) = 1 while ∇g(x∗) = 0, there is no λ such
that ∇f(x∗) = λ∇g(x∗). The saddle point property fails: there is no λ∗ such that
L(x∗, λ∗) ≥ L(x, λ∗) for all x. �

In the next example, Slater holds and g is convex but f is not concave. In contrast
to the previous examples, KKT multipliers exist but the saddle point property still
fails. There is no λ∗ such that L(x∗, λ∗) ≥ L(x∗, λ) for all x.

Example 3. f(x) = ex − 1 and g(x) = x. The constraint set is (−∞, 0] and the
solution is x∗ = 0. Slater holds (g(−1) = −1 < 0) and g is convex. ∇f(0) = 1
and ∇g(0) = 1 so the KKT condition holds with λ∗ = 1. As in the previous
examples, g(0) = 0 and so L(x∗, λ∗) ≤ L(x∗, λ) for any λ, λ∗ ≥ 0. The condition
L(x∗, λ∗) ≥ L(x, λ∗) reduces to,

0 ≥ ex − 1− λ∗x.

There is no λ∗ ≥ 0 for which this holds for all x; for λ∗ = 1 (as required by KKT
Condition 1), the inequality does not hold for any x 6= 0. �

In the next, and last, example, all conditions are met.

Example 4. f(x) = −e−x + 1 and g(x) = x. The constraint set is (−∞, 0] and the
solution is, once again, x∗ = 0. Slater holds (g(−1) = −1 < 0) and g is convex
so local Slater holds as well, and in fact LI holds. As in Example 3, ∇f(0) = 1
and ∇g(0) = 1 so the KKT condition holds with λ∗ = 1. Finally, the saddle
point property holds. As in the previous examples, the concern is the inequality
L(x∗, λ∗) ≥ L(x, λ∗), which here becomes

0 ≥ −e−x + 1− λ∗x.

For λ∗ = 1, this inequality holds for all x (indeed, with strict inequality except for
x = x∗). �

2 Proofs of the Saddle Point Theorems.

Proof of Theorem 1. If (x∗, λ∗) is a saddle point then ∇xL(x∗, λ∗) = 0, hence
∇f(x∗)− λ∗∇g(x∗) = 0, or

∇f(x∗) = λ∗∇g(x∗),

which is the KKT condition.
To see that x∗ is feasible, note that, since (x∗, λ∗) is a saddle point,∇λL(x∗, λ∗) ≥

0, with ∇λL(x∗, λ∗) = 0 if λ∗ > 0. (If the implicit constraint λ ≥ 0 is binding then
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∇λL(x∗, λ∗) > 0 is possible: reducing λ below 0 would reduce L further, but λ < 0
is infeasible.) ∇λL(x∗, λ∗) ≥ 0 implies −g(x∗) ≥ 0, hence g(x∗) ≤ 0: x∗ is feasible.
�

Proof of Theorem 2. Since (x∗, λ∗) is a saddle point of L, L(x∗, λ∗) ≤ L(x∗, λ)
for every λ ≥ 0, hence

f(x∗)− λ∗g(x∗) ≤ f(x∗)− λg(x∗)

or
(λ− λ∗)g(x∗) ≤ 0. (1)

Since λ can be arbitrarily large, this can hold for all λ ≥ 0 only if

g(x∗) ≤ 0,

which establishes that x∗ is feasible.
Since λ∗ ≥ 0, I must have λ∗g(x∗) ≤ 0. On the other hand, setting λ = 0 in

Inequality (1) implies −λ∗g(x∗) ≤ 0, or λ∗g(x∗) ≥ 0. Combining,

λ∗g(x∗) = 0.

Since (x∗, λ∗) is a saddle point of L, L(x∗, λ∗) ≥ L(x, λ∗) for every x, hence

f(x∗)− λ∗g(x∗) ≥ f(x)− λ∗g(x).

for every x. Since, as just established, λ∗g(x∗) = 0, this implies

f(x∗) ≥ f(x)− λ∗g(x)

for every x. If x is feasible then, g(x) ≤ 0, hence −g(x) ≥ 0, hence (since λ∗ ≥ 0),
−λ∗g(x) ≥ 0. Therefore, for feasible x, f(x)− λ∗g(x) ≥ f(x), hence

f(x∗) ≥ f(x),

which establishes that x∗ solves MAX. �

Proof of Theorem 3. As discussed following the statement of Theorem 3, that
theorem is almost immediate if f and g are differentiable. The novelty in the
following argument is that it does not require differentiability.

Define two sets

A =
{
a ∈ R2 : ∃x ∈ R such that a1 ≤ f(x) and a2 ≤ −g(x)

}
and

B =
{
b ∈ R2 : b1 > f(x∗) and b2 > 0

}
.

4



These sets are convex. In particular, A is convex since f is concave and g is
convex (hence −g is concave). B is convex since it is a translation of the strictly
positive orthant in R2.

The sets are also disjoint. To see this, suppose there is a x such that such that
f(x) > f(x∗) and hence there is an a1 such that f(x∗) < a1 ≤ f(x). Since, by
assumption, x∗ solves MAX, x must be infeasible: g(x) > 0, or −g(x) < 0. Hence,
for any such x, a2 < 0. Then (a1, a2) 6∈ B.

By the Separating Hyperplane Theorem (for sets that are convex but not nec-
essarily closed/compact), since A, and B are disjoint convex sets, there is a vector
q = (q1, q2) 6= (0, 0) such that for any a ∈ A, b ∈ B,

a · q ≤ b · q (2)

Since I can take a1 and a2 to be arbitrarily negative, Inequality 2 implies that
q1, q2 ≥ 0. I claim that q1 > 0. The argument is by contraposition: if q1 = 0
then Slater cannot hold. Explicitly, taking a sequence in B converging to (f(x∗), 0)
establishes that, for any feasible x, since (f(x),−g(x)) ∈ A,

q1f(x)− q2g(x) ≤ q1f(x∗). (3)

If q1 = 0, then, since (q1, q2) 6= 0 and q2 ≥ 0, it follows that q2 > 0. Moreover, if
q1 = 0, then from Inequality 3,

−q2g(x) ≤ 0.

If q2 > 0, this holds iff g(x) ≥ 0 for every x. This shows that Slater does not hold.
By contraposition, if Slater holds then q1 > 0.

Define
λ∗ =

q2
q1
,

which is well defined since q1 > 0. Then for any a ∈ A and any b ∈ B

a1 + λ∗a2 ≤ b1 + λ∗b2.

Again taking a sequence in B converging to (f(x∗), 0), this implies that for any x,

f(x)− λ∗g(x) ≤ f(x∗). (4)

In particular, for x = x∗,

f(x∗)− λ∗g(x∗) ≤ f(x∗)

or
−λ∗g(x∗) ≤ 0.
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On the other hand, x∗ is feasible, hence g(x∗) ≤ 0, hence, since λ∗ ≥ 0, −λ∗g(x∗) ≥
0. Combining

λ∗g(x∗) = 0.

Therefore, for any x,

f(x)− λ∗g(x) ≤ f(x∗) = f(x∗)− λ∗g(x∗)

which shows that L(x∗, λ∗) ≥ L(x, λ∗).
It remains to show that L(x∗, λ) ≤ L(x∗, λ∗). Again λ∗g(x∗) = 0. On the other

hand, g(x∗) ≤ 0, hence for any λ ≥ 0, λg(x∗) ≤ 0, hence −λg(x∗) ≥ 0. It follows
that for any λ ≥ 0,

−λ∗g(x∗) = 0 ≤ −λg(x∗)

or
f(x∗)− λ∗g(x∗) ≤ f(x∗)− λg(x∗)

which shows that L(x∗, λ) ≤ L(x∗, λ∗). Thus (x∗, λ∗) is saddle point of L. �
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