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Continuity and Compactness.1

Theorem 1. Let (X, dx) and (Y, dy) be non-empty metric spaces. If f : X → Y is
continuous and X is compact then f(X) is compact.

Proof. Consider any sequence (yt) in f(X). For each yt there is an xt such that
f(xt) = yt (there may be more than one such xt if f is not one-to-one). Since X is
compact, there is a subsequence of (xt) that converges to a point x ∈ X: xtk → x.
Since f is continuous, ytk = f(xtk)→ f(x). Thus, ytk is a subsequence of (yt) that
converges to a point y = f(x) ∈ f(X). Hence f(X) is (sequentially) compact. �

One application of this result is that it implies that solutions to optimization
problems exist if the constraint set is compact and the objective function is contin-
uous. I provide a formal discussion of this in the notes on existence of optima.

The theorem states that the continuous image of a compact set is compact.
Compactness is thus a property that is preserved by continuous transformation;
compactness is, in other words, a topological property. The notes on continuity and
connectedness establish that connectedness is also a topological property. Many
other properties, however, are not topological. In particular, neither completeness
nor total boundedness are, by taken by themselves, topological. The following ex-
ample provides one illustration.

Example 1. Let X = R, which is complete but not totally bounded, hence not
compact. Let f(x) = arctan(x). Then f(x) = (−π/2, π/2), which is not complete.
�

As an application of Theorem 1, consider the following example, which shows
that a continuous 1-1 function need not be open (the image of an open set need not
be open).

Example 2. Let X = [0, 2π) and let Y be the unit circle, centered on the origin,
in R2. Define f : X → Y by f(x) = (cos(x), sin(x)). f maps X 1-1 onto Y and
is continuous. f is not, however, an open map . To see this, note that since f is
a bijection, the inverse function f−1 : Y → X is well defined. If f were an open
map then f−1 would be continuous. But if f−1 were continuous then, since Y is
compact, X = f−1(Y ) would be compact, which is not the case (sice [0, 2π) is not
complete). Hence f−1 is not continuous and f is not an open map. �
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