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Compactness1

1 Compactness.

Given a metric space (X, d), a cover of X is a set O of subsets of X such that
X =

⋃
O∈O O. A cover O admits a finite subcover iff there is a finite set Ô ⊆ O

such that X =
⋃

O∈Ô O. An open cover is a cover by open sets.

Definition 1. Let (X, d) be a metric space. X is compact iff every open cover
admits a finite subcover.

X always has a finite open cover: X is open and the set O = {X} is finite (O
contains only one element, namely X; X itself could be infinite). The strength of
compactness is that I have to find a finite cover based on some given (non-finite)
open cover, no matter how weird, and I have to be able to do this for every open
cover. This turns out to be a very powerful, but also very subtle, property.

Example 1. Let X = (0, 1]. Then X is not compact. Let O be the countably infinite
set of sets of the form Ot = (1/t, 1]. Note that Ot is open in X even though it is not
open in R. No finite subset of O covers X; in particular, if T is the largest index in
the finite set, then the finite set fails to cover the interval (0, 1/T ]. �

As the example illustrates, it is sometimes easy to use the definition of compact-
ness to verify that a set is not compact. It is much more difficult, typically, to use
the definition to show that a set is compact. I return to this issue in Section 3.
Before addressing that issue, I first state a theorem that says that compactness is
equivalent to a number of other properties.

2 The Compactness Equivalence Result.

The following properties are used in the main equivalence theorem below.

Definition 2. Let (X, d) be a metric space.

1. X is countably compact iff every countable open cover admits a finite subcover.

2. X is limit point compact iff every infinite set A ⊆ X has a limit point x∗ ∈ X.
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ShareAlike 4.0 License.

1



3. X is sequentially compact iff for any sequence (xt) in X, there is a subsequence
(xtk) and a point x∗ ∈ X such that xtk → x∗. In words, every sequence has a
convergent subsequence.

I need one other bit of terminology before stating the main result. For any set
F of subsets of X, say that F has the finite intersection property iff for every finite
F̂ ⊆ F , ⋂

F∈F̂

F 6= ∅.

The canonical example of an F with the finite intersection property is a set of non-
empty nested subsets of X. Nested means that for any F, F̂ ∈ F , either F ⊆ F̂ or
F̂ ⊆ F .

The equivalence theorem is then the following.

Theorem 1. Let (X, d) be a metric space. The following properties are equivalent.

1. X is compact.

2. Any set of closed sets F with the finite intersection property has a non-empty
intersection:

⋂
F∈F F 6= ∅.

3. X is countably compact.

4. X is limit point compact.

5. X is sequentially compact.

6. X is complete and totally bounded.

Proof. Section 5. �

These notes make particularly heavy use of the equivalence between compact-
ness, sequential compactness, and completeness and total boundedness.

Example 2. Consider X = (0, 1]. In Example 1, I showed that this X is not compact;
that example actually used a countable cover, so it also showed that X is not
countable compact. I now consider each of the other properties in reverse order.

• X is not complete and totally bounded. More precisely, while X is totally
bounded, it is not complete. Let (xt) =

(
1, 12 ,

1
3 , . . .

)
. In R, this sequence

converges to 0, and hence the sequence is Cauchy, but 0 /∈ X.

• X is not sequentially compact. Let (xt) =
(
1, 12 ,

1
3 , . . .

)
. In R, xt → 0, hence

every subsequence converges to 0, but 0 /∈ X.

• X is not limit point compact. Let A =
{

1, 12 ,
1
3 , . . .

}
. In R, A has a unique

limit point, namely 0, but 0 /∈ X.
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• X violates the intersection property. Let F comprise Ft = (0, 1/t] for t ∈
{1, 2, . . . }; note that Ft is closed relative to (0,1], even though it is not closed
in R. Then for any finite set F̂ ⊆ F , the intersection of the Ft in F̂ has a
non-empty intersection (the intersection equals the Ft in F̂ with largest index)
but the intersection of all Ft has an empty intersection.

�

3 Identifying Compact Sets.

In practice, it can be extremely difficult to identify whether a given set is compact.
Here is an informal overview.

1. Any complete set is closed and any totally bounded set is bounded. Therefore,
any compact set is closed and bounded.

2. If (Z, d) is a complete metric space and X ⊆ Z, then X is complete iff it is
closed relative to Z. Hence, in a complete metric space, a subset X is compact
iff it is closed and totally bounded. The metric spaces used in economics are
typically complete.

It bears emphasis that “closed” here means relative to the ambient metric
space Z. In Example 1, for instance, X = (0, 1], which is closed as a metric
space unto itself (recall that any metric space is closed as a subset of itself)
but not relative to Z = R.

3. In RN , a set is totally bounded iff it is bounded. Since RN is complete, it
follows that a subset of RN is compact iff it is closed and bounded. This is
the Heine-Borel Theorem. In particular, closed balls in RN are compact.

4. Heine-Borel does not generalize to infinite-dimensional vector spaces. In par-
ticular, in any infinite-dimensional normed vector space, closed balls are never
compact in the metric based on the norm.

By way of example, consider (`∞, dsup) and let X = N1(0), the closed unit ball
centered on the origin. X is not compact. In particular, form the sequence
(xt) with xt = (0, . . . , 0, 1, 0, . . . ), with the 1 appearing in coordinate t. The
sup metric distance between any two terms in this sequence is 1, hence there
is no Cauchy subsequence, hence there is no convergent subsequence.

(`∞, dsup) is complete. Since X is a closed subset of `∞, X is complete. It
is also bounded (it is contained in N2(0), for example). But it is not totally
bounded: there is no set of balls of radius 1 that covers all of X.

5. The Tychonoff Theorem states that a product of compact sets is compact in the
product topology. (I discussed topologies briefly in the Metric Space notes.)
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In the particular case of Rω, Tychonoff implies that a product of compact sets
in R is compact in Rω in the metric dpw, introduced briefly in the Metric Space
notes. For example, by Heine-Borel, [0, a] is compact in R for any a > 0, and
hence the set

[0, 1]× [0, 2]× [0, 3]× . . .

is compact in Rω under dpw. Tychonoff is one of the most important results
in Topology and it is one of the main tools for establishing compactness in
economics settings such as repeated games and dynamic macro models. I
discuss Tychonoff in somewhat more detail in the Tychonoff notes.

6. It is possible to define a ball with respect to one metric and then check whether
that ball is compact for a different metric.

In particular, let X ⊆ `∞ be the closed unit ball, centered on the origin, under
the dsup metric. Then X = [−1, 1]× [−1, 1]× . . . . By Point 4 above, X is not
compact under dsup. But, by Heine-Borel, [−1, 1] is compact in R, and hence
by Tychonoff, X is compact under the dpw metric. The basic intuition is that
the property of being a closed ball under dsup is stringent while the property
of being compact under dpw is relatively weak.

7. The example in Point 6 is a special case of the Banach-Alaoglu Theorem. A
formal statement of Banach-Alaoglu would take me too far afield, but it has
sometimes played a role in economics.

8. Finally the Arzelà-Ascoli Theorem gives sufficient conditions for sets of con-
tinuous functions to be compact under a sup metric.

4 Some Other Facts About Compact Sets.

As noted in Section 3, and as I prove formally later in the course, a closed and
bounded subset of RN is compact. As discussed in Point 4 in Section 3, this does
not generalize to general metric spaces. It is always true, however, that a closed
subset of a compact set is compact.

Theorem 2. Let (X, d) be a compact metric space. If A ⊆ X is closed then A is
compact.

Proof. If X is compact and A is closed then A is a closed subset of a complete
metric space and is therefore complete. Since X is compact, it is totally bounded,
and hence A is totally bounded as well. �

As one application of compactness, consider the following.

Theorem 3. Let (X, d) be a compact metric space. Let (xt) be a sequence in X. If
every convergent subsequence converges to the same point, x∗ ∈ X, then the sequence
converges to x∗.
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Proof. By contraposition. Suppose that X is compact, that there is a subsequence
converging to x∗ ∈ X, but that xt 6→ x∗. Then there is an ε > 0 such that infinitely
many xt 6∈ Nε(x

∗), hence there is a subsequence (xtk) for which no term is in Nε(x
∗).

By compactness, (xtk) has a convergent subsequence, which is a subsequence of the
original (xt), and by construction the limit of this subsequence cannot be in the open
set Nε(x

∗). Hence there is a convergent subsequence that does not converge to x∗. �

The hypothesis of Theorem 3 is weak in that it assumes only that every con-
vergent subsequence converges to x∗, not that every subsequence converges to x∗.
If the latter were true then we would immediately have convergence to x∗. As an
example of what can go wrong, suppose that (xt) = (1, 2, 1, 3, 1, 4, 1, 5, . . . ). Ev-
ery convergent subsequence here converges to 1 but there are also non-convergent
subsequences, such as (1, 2, 3, . . . ).

5 The Proof of Theorem 1.

To make the proof of Theorem 1 digestible, I split Theorem 1 into a number of
smaller theorems, which collectively imply Theorem 1.

I begin with a result that I use especially frequently in other notes.

Theorem 4. Let (X, d) be a metric space. X is sequentially compact iff it is com-
plete and totally bounded.

Proof. ⇒. Let X be sequentially compact.

• Complete. Let (xt) be any Cauchy sequence in X. By sequential compactness,
there is a subsequence (xtk) and a point x∗ ∈ X such that xtk → x∗. Since
(xt) is Cauchy, it follows that xt → x∗. Thus X is complete.

• Totally Bounded. I argue by contraposition. If X is not totally bounded there
is an ε > 0 such that X is not covered by any finite set of ε balls. Form a
sequence (xt) as follows. Take x1 to be anything in X. Take x2 to be anything
in X that is not in Nε(x1). X \ Nε(x1) is not empty since X is not totally
bounded. And so on. In general, xT is anything in X \

⋃T−1
t=1 Nε(xt), which is

not empty since X is not totally bounded. The sequence (xt) has the property
that no term in the sequence is within ε of any other term in the sequence.
Thus, this sequence has no Cauchy subsequence, and hence no convergent
subsequence, hence is not sequentially compact.

⇐. Let X be complete and totally bounded. Let (xt) be any sequence in X.
The remainder of the proof is in two steps.

• Step 1. Claim: Since X is totally bounded, (xt) has a Cauchy subsequence.

Proof. Cover X using a finite set of balls of radius 1. This is possible since X
is totally bounded. Since there are only a finite number of balls, one of these
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balls, label it B1, must have the property that xt ∈ B1 for infinitely many t.
Take the first term in the subsequence, xt1 , to be any term whose value is in
B1.

Continuing in this way, at stage k, suppose that xt ∈ B1 ∩ · · · ∩ Bk−1 for
infinitely many t. Cover X by a finite set of balls of radius 1/k; again, this
is possible by total boundedness. Then at least one of these balls, call it Bk,
must have the property that xt ∈ B1∩· · ·∩Bk−1∩Bk for infinitely many t. Let
xtk be any term in (xt) whose value is in B1∩· · ·∩Bk and for which tk > tk−1.
In the subsequence (xtk), all terms with index tk or larger are within 2/k of
each other. Hence (xtk) is Cauchy.

• Step 2. Since X is complete and (xtk) is Cauchy, there is an x∗ such that
xtk → x∗.

In sum, every sequence in X has a convergent subsequence, hence X is sequentially
compact. �

Theorem 5. Let (X, d) be a metric space. X is limit point compact iff it is sequen-
tially compact.

Proof. ⇒ Let X be sequentially compact. Consider any set A ⊆ X. If A is finite
then there is nothing to check. Suppose, then, that A is infinite. Form a sequence
by taking x1 to be any element of A, x2 to be any element of A not equal to x1, x3 to
be any element of A not equal to either x1 or x2, and so on. Since X is sequentially
compact, there is a subsequence (xtk) and a point x∗ ∈ X such that xtk → x∗. Thus,
for any ε > 0, there is a K such that for all k > K, xtk ∈ Nε(x

∗). Since the terms
in the sequence all have different values, and hence at most one can equal x∗, this
implies that x∗ is a limit point of A.
⇐ Suppose that X is limit point compact. Consider any sequence (xt) in X. Let

A be the range of (xt). If A is finite then we are done: (xt) repeats some value, say
x∗, infinitely often; the corresponding subsequence converges trivially to x∗. Sup-
pose instead that A is infinite. Since X is limit point compact, there is an x∗ ∈ X
that is a limit point of A. Form a subsequence by taking xt1 be any term whose
value lies in N1(x

∗), xt2 to be any term whose value lies in N1/2(x
∗), with t2 > t1.

And so on. These terms all exist because x∗ is a limit point of A. By construction,
xtk → x∗. �

Theorem 6. Let (X, d) be a metric space. X is countably compact iff it is limit
point compact.

Proof. ⇒. I argue by contraposition. Suppose that X is not limit point com-
pact. Then X contains an infinite set A that has no limit points. Let A =
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{a1, a2, . . . , at, . . . } (if A is uncountable, restrict attention to a countably infinite
subset). Since A has no limit point, A and every subset of A is closed. Therefore,
for every n, the set Ft = {at, at+1, . . . } is closed and hence the set Ot = F c

t is open.
I claim that O = {Ot} is a countable open cover of X. In particular, every x ∈ Ac

is in every Ot, and for every t, at ∈ Ot+1. But every Ot covers only finitely many
points in A (namely {a1, . . . , at}) and hence no finite subset of O covers A and hence
no finite subset can cover X.
⇐ . I argue by contraposition. Suppose that X is not countably compact. Then

there is a countable open cover O = {O1, O2, . . . , Ot, . . . } that does not admit a
finite subcover. Let a1 be any point of Oc

1 (which must be non-empty since there
is no finite subcover). In general, let aT be any point of (

⋃T
t=1Ot)

c, which, again,
must be non-empty. I claim that the infinite set A = {a1, a2, . . . } has no limit point.
To see this, consider any x ∈ X. Since O is a cover, there is a T such that x ∈ OT .
But then by construction of A, A∩OT is at most finite, which implies that x is not
a limit point of A. �

Theorem 7. Let (X, d) be a metric space. X is compact iff it is countably compact.

Proof. ⇒ . This is trivial, since any countable open cover is an open cover.
⇐ . The proof is in two steps.

• Step 1. Claim. If X is totally bounded then X is separable: there is a
countable set A such that X = Ā.

Proof. Since X is totally bounded, for each t ∈ {1, 2, . . . } there is a finite set
At such that,

X =
⋃
a∈At

N1/t(a).

Take,

A =

∞⋃
t=1

At.

A is countable (it is a countable union of finite sets). To see that X = Ā, take
any x ∈ X and any ε > 0. Take any t > 1/ε. Then, by construction of At, for
some a ∈ At, x ∈ N1/t(a) ⊆ Nε(a), hence a ∈ Nε(x). Thus either x ∈ A or is
a limit point of A (or both).

• Step 2. Claim. If X is countably compact then every open cover of X admits
a finite subcover (hence X is compact).

Proof. Let O be an open cover of X. Since X is countably compact, it is
totally bounded. By the previous step, there is a countable set A such that
Ā = X.
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Construct a countable open cover of X as follows. For any x ∈ X, take any
O ∈ O such that x ∈ O; at least one such an O must exist since O covers
X. I claim that there is a set of the form N1/t(a), with a ∈ A, such that
x ∈ N1/t(a) ⊆ O. To see this, note that since O is open, there is an ε > 0 such
that Nε(x) ⊆ O. Take any natural number t > 2/ε (so that 1/t < ε/2) and
any a ∈ A ∩ N1/t(x) (such an a must exist since Ā = X). Then x ∈ N1/t(a)
and, by the triangle inequality, N1/t(a) ⊆ Nε(x). (Take any b ∈ N1/t(a). Then
d(b, x) ≤ d(b, a)+d(a, x) < 1/t+1/t < ε.) Putting this all together establishes
that, as claimed, x ∈ N1/t(a) ⊆ O. The set of all such N1/t(a), for every x ∈ X,
covers X and is countable (even though X need not be countable) since A is
countable and every t ∈ N, which is countable.

By countable compactness, there is a finite set of the N1/t(a) that covers X.
Since each such set is contained in some O ∈ O, there is a finite subset of O
that covers X, which completes the argument.

�

Finally, the intersection property is a reinterpretation of compactness.

Theorem 8. Let (X, d) be a metric space. X is compact iff any set of closed sets
with the finite intersection property has a non-empty intersection.

Proof. Consider two sets of subsets of X, call them F and O, with the property
that O ∈ O iff Oc ∈ F . Then, by De Morgan’s Laws,⋂

F∈F
F = ∅

iff
X =

⋃
O∈O

O.

The proof then follows from the fact that a set is open iff its complement is closed. �
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