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A quick glance of mathematical finance Introduction

Traditional problems of mathematical finance

1 Modeling the empirical features of the financial prices of primary assets

via probabilistic models (Brownian motion, diffusions, etc.)

2 Creating derivative products (call/put options, forwards, swaps, etc.)

3 Characterizing feasible pricing procedures for derivative products which

are consistent with the primary assets

4 Developing of numerical methods for the evaluation of derivative prices

(e.g., finite-difference methods, Monte Carlo methods, etc.)

5 Developing of hedging strategies for derivatives or other risks

6 Optimal allocation of money in a portfolio of investments

7 Calibration/estimation of the model’s parameters



A quick glance of mathematical finance First concepts

Arbitrage-free Pricing

1 Goal: Pricing of financial assets such that the market is free of arbitrage

opportunity.

2 What are the assets?

1 Primary assets: Bonds and Stocks

2 Derivative products: Options, Contingent Claims, etc.

• A contract between two parties: the writer or seller and the buyer or derivative
holder;

• the contract stipulates that the writer is obligated to deliver a payoff (X ) to the
holder at a specified future time T called the maturity or expiration;

• the final payoff depends on the unknown value (S(T )) at expiration of a
pre-specified underlying primary asset;

• in exchange, the writer receives a premium (P0) at the starting time of the
contract; the premium is called the price of the contract;
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A quick glance of mathematical finance First concepts

A simple example
A put option on a two-state economy

• A 1-year bond pays an interest of 5% per annum

• Current price per share is S(0) = $100

• In t = 1 year, price can go up to S(1) = $110 per share with probability

1/4 or go down to S(1) = $95 per share with probability 3/4

• Put Option = Right to sell a share of the stock at T = 1 for $100;

• Key observation: Equivalent to a contingent claim with final payoff

X = max{100− S(1),0} and maturity T = 1 year;
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A quick glance of mathematical finance First concepts

Arbitrage-free Pricing

1 What should the price P(0) of the derivative be?

2 Key idea: Replicating trading strategy.
• Consider the following trading strategy at time t = 0:

(i) Borrow (40)(104)
(3)(21) ≈ 60.31 from the bond market.

(ii) Buy 2
3 shares of stock

• The net necessary investment at time t = 0 is

V0 ≈
2
3
· (100)− 60.31 ≈ 6.3492.

• The resulting wealth at time t = 1 is

V1 =

{
2
3 · 110− 60.31 · (1.05) = 10 if stock goes up
2
3 · 95− 60.31 · (1.05) = 0 if stock goes down

3 Conclusion: The arbitrage-free price must be P(0) = V0 = 6.3492.
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How does the price of a stock behaves in time?

0 0.5 1 1.5 2 2.5 3
−0.08

−0.06

−0.04

−0.02

0

0.02

0.04

0.06

0.08

INTC 5−sec. Log Returns
(Jan. 2, 2003 − Dec. 30, 2005)

Time in years

Lo
g R

etu
rns



Modeling stock prices Stylized empirical features of stock prices

Stylized empirical features of stock prices

1 “Sudden" relatively large shifts in the price level (jumps)

2 Volatility clustering effects (intermittency)

3 Log returns exhibiting heavy-tails and high-kurtosis empirical distributions

4 Leverage phenomenon



Modeling stock prices Stochastic models for asset prices

What are good models for the price process {St}t≥0?



Modeling stock prices Stochastic models for asset prices

What are good models for the price process {St}t≥0?

Black-Scholes model (1973); Samuelson (1965):

R(δ)
i = log

S(i+1)δ

Siδ
= µδ︸︷︷︸

drift

+
√
δ σ Zi︸ ︷︷ ︸
noise

, where Zi
i.i.d.∼ N (0,1).

Jiggling motion, no jump-like changes, no clustering or leverage



Modeling stock prices Stochastic models for asset prices

What are good models for the price process {St}t≥0?

Stochastic volatility Heston model (1993):

R(δ)
i = log

S(i+1)δ

Siδ
= µδ +

√
δ σi−1 Zi ,

σ2
i = σ2

i−1 + α(m − σ2
i−1)δ + γ

√
δ σi−1 Z ′i , ρ = Corr(Z ,Z ′).

Jiggling motion, clustering and leverage effects, but no jump-like changes



Modeling stock prices Stochastic models for asset prices

What are good models for the price process {St}t≥0?

Stochastic volatility with jumps:

R(δ)
i = µδ +

√
δ σi−1 Zi + θδ1/βJ(β)

i ,

σ2
i = σ2

i−1 + α(m − σ2
i−1)δ + γ

√
δ σi−1 Z ′i .

where 0 < β < 2 and J(β)
i are i.i.d. symmetric with heavy tails:

P(J(β)
i ≥ x) ∼ cx−β , as x →∞.

Remarks:

• P(Zi ≥ x)� e−x/x ; hence, Ji feels like jumps compared to Zi ;

• The larger β, the lighter the tails, and the smaller J(β)
i will tend to be;

• β is called the index of jump activity.
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Modeling stock prices Stochastic models for asset prices

What are good models for the price process {St}t≥0?

Stochastic volatility with sparse jumps:

R(δ)
i = µiδ +

√
δ σi−1 Zi + (dqi ) Ji ,

σ2
i = σ2

i−1 + α(m − σ2
i−1)δ + γ

√
δ σi−1 Z ′i ,

dqi =

{
1, with prob. λiδ,

0, with prob.1− λiδ,

Ji
i.i.d.∼ f (x).
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Semiparametric estimation methods The relevant problems

Statistical problems

Set-up:

R(δ)
i = µiδ +

√
δ σi−1 Zi + (dqi ) Ji ;

Given the return observations R1, . . . ,Rn, we would like to

1 Estimate the jump features of the price process:
• Jump times: Ji ’s such that dqi=1;
• Time of the jumps: the i ′s where dqi=1;

2 Estimate the so-called realized integrated variance: σ̄2 := δ
∑n

i=1 σ
2
i ;

Intuition:

• The two problems are closely related to the jump detection problem;

• Threshold approach: (Mancini (2004))

The intervals where the return Rδ
i are “large" are likely those where there

where jumps;

• Key question: How large is large?



Semiparametric estimation methods The relevant problems

Propose estimators

Fix a sequence of threshold levels: B(δ)
i > 0 corresponding to the i th return;

1 Jump estimation:

Estimate the i th “jump", namely (dqi )Ji , by

R(δ)
i 1{∣∣∣R(δ)

i

∣∣∣≥B(δ)
i

};

2 Estimate the integrated variance σ̄2 :=
∑n

i=1 σ
2
i by

ˆ̄σ2 :=
n∑

i=1

(
R(δ)

i

)2
1{∣∣∣R(δ)

i

∣∣∣≤B(δ)
i

};

3 Typical proposals for B(δ)
i :

• Power threshold:

B(δ)
i := θδα, with α < 1/2;

• Bonferonni threshold:

B(δ)
i := θδ1/2Φ−1 (1− βδ) ;



Semiparametric estimation methods An optimal threshold estimation method

Optimal Threshold Selection Method (F-L & Nisen)

1 Simplifying assumption: σi ≡ σ, λi ≡ λ:

R(δ)
i = µiδ +

√
δ σ Zi + (dqi ) Ji ; dqi =

{
1, with prob. λδ,

0, with prob.1− λδ,

2 Selection criteria for uniform thresholding: Bi ≡ B

Select B∗ so that to minimize the total expected number of jump

misclassifications;

B∗δ := arg min
B>0

E
(

1{
dqi 6=0,

∣∣∣R(δ)
i

∣∣∣≤B
}︸ ︷︷ ︸

Type I error

+ 1{
dqi=0,

∣∣∣R(δ)
i

∣∣∣>B
}︸ ︷︷ ︸

Type II error

)



Semiparametric estimation methods An optimal threshold estimation method

Some findings

1 The optimization problem is well-posed (there is one and only one

optimal threshold);

2 For small δ (high-frequency sampling observations):

B∗δ ≈ σδ1/2
√

3 ln(δ−1);

B∗δ ≈ σδ1/2
√

3 ln(δ−1)− σδ1/2
ln
(
λσf (0)

m1

)
√

3 ln(δ−1)
;

where m1 = E |Z | =
√

2/π.



Semiparametric estimation methods An optimal threshold estimation method

A feasible iterative algorithm to estimate σ and B∗

1 Key Issue: The optimal threshold B∗ would allow us to find an optimal

estimate σ̂ for σ2 of the form

σ̂2[B∗] :=
1
T

n∑
i=1

(
R(δ)

i

)2
1{∣∣∣R(δ)

i

∣∣∣≤B∗
},

but B∗ depends on σ2?.

2 The previous issue suggests a fixed-point type of implementation:

Set σ̂2
0 := σ̂2[∞] and B̂∗0 := σ̂0δ

1/2
√

3 ln(δ−1)

while σ̂2
n,k−1 > σ̂2

n,k do
σ̂2

k+1 ←
1
T σ̂

2[B̂∗k ] and B̂∗k+1 ← σ̂k+1δ
1/2
√

3 ln(δ−1)

end while
Let k∗ := inf

{
k ≥ 1 : σ̂2

k+1 = σ̂2
k

}
and take σ̂2

k∗ as the final estimate for

σ2 and the corresponding B̂∗k∗ as an estimate for B∗.



Semiparametric estimation methods An optimal threshold estimation method

A numerical illustration

Merton Model: 4-year / 1-day
σ = 0.3 λ = 5
µ = 0, δ = 0.6

Method TRV STRV Loss SLoss

B̂k∗ 0.2985 0.0070 2.0588 1.4267

Pow 0.2967 0.0066 2.2992 1.4972

BF 0.2983 0.0071 2.1756 1.4749

Table: Finite-sample performance of the threshold realized variation (TRV) estimators

based on K = 5, 000 sample paths for the Merton model Ji
i.i.d.∼ N (µ, δ2). Loss

represents the total number of Jump Misclassification Errors, while TRV , Loss, STRV , and

SLoss denote the corresponding sample means and standard deviations, respectively.



Semiparametric estimation methods An optimal threshold estimation method

A numerical illustration

(S2) Kou Model: 1-week / 5-minute
σ = 0.5 λ = 50

p = 0.45, α+ = 0.05, α− = 0.1

Method TRV STRV Loss SLoss

B̂k∗ 0.5004 0.0186 0.2232 0.4706

Pow 0.4407 0.0142 13.5302 3.6392

BF 0.4917 0.0193 1.180 1.0775

Table: Finite-sample performance of the threshold realized variation (TRV) estimators

based on K = 5, 000 sample paths for the Kou model:

fKou(x) = p
α+

e−x/α+1[x≥0] + (1−p)
α−

e−|x|/α−1[x<0].



Semiparametric estimation methods An optimal threshold estimation method

A numerical illustration

(S3) Kou Model: 1-year / 5-minute
σ = 0.4 λ = 1000

p = 0.5, α+ = α− = 0.1

Method TRV STRV Loss SLoss

B̂k∗ 0.4039 0.0028 139.6776 12.2193

Pow 0.3767 0.0019 230.0170 15.0308

BF 0.6495 0.0315 375.5850 24.3999

Table: Finite-sample performance of the threshold realized variation (TRV) estimators

based on K = 5, 000 sample paths for the Kou model:



Semiparametric estimation methods An optimal threshold estimation method

Numerical Illustration
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Figure: Spot Volatility Estimation using Adaptive Kernel Weighted Realized Volatility.
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Numerical Illustration
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Figure: Spot Volatility Estimation using Adaptive Kernel Weighted Realized Volatility.
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Numerical Illustration
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Figure: Spot Volatility Estimation using Adaptive Kernel Weighted Realized Volatility.
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Where did we go from here? Market Microstructure

Market microstructure features

1 High-frequency estimation depend heavily on an accurate description of

the stock price evolution at a very small-time scale.

2 However, real stock prices exhibit several features inherited from the way
trading takes place in the market:

(i) Quotes in discrete units

(ii) Clustering noise

e.g. Prices tend to fall more often on whole-dollar multiples than on

half-dollar multiples, or than 1/4-dollar multiples, etc.

(iii) Bid/ask bounce effect

Recorded stock prices can be at the bid or at the ask prices. Bid/ask price

bouncing creates spurious correlation in returns.

3 One modeling approach: Microstructure noise
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Where did we go from here? Feasibility and robustness of high-frequency methods

Estimation under microstructure “noise"

1 Ultra high-frequency sampling will eventually recover the tick-by-tick data.

2 How frequently to sample?

The higher sampling frequency, the smaller the theoretical standard error

of the estimation methods (under absence of noise), but the higher the

microstructure noise.

3 Need to analyze the performance of the methods towards “microstructure

noise” (or other kind of noise).

4 Need to devise methods that are robust against marker microstructure

noise.

5 There are some models for tick-by-tick data, but the “bridge” between

these models and semimartingale models is not well-understood yet.
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Historical stock price evolution of Microsoft
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Graphs

Empirical distribution of returns

Log return during a given time period = log Final price
Initial price
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Dynamics of the price process
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